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·|¸ÂÖr¼�Ì�¶âÀ>¶>·Á·|¶âÆ~Ç�¾Á·|¸Â¶á¶>¼Á·:Ì�¶ØÖrÃÅÄ�¾¹»(¸º¾�Ä�»�¶âÆ�¾Á¶wÄ(Ñ�¶ ÀwÃÅ»(¼Á·|¾ÁÄ�À>·¹¸ÂÑ�¶âÌ�Ò>·|Ç�¸ºÈÂÈºÒ>¶ØÌ�Ä@·|Ë�Ò>ÃÅ¾¹É>¿$¶âÌ(¶
ê�¾¹ÃÅÄ^k9¶w¾>Ï¦à�Ç�¼¹¶D¶w¼Á¼¹¶>»g·¹¸º¶>ÈºÈº¶:Ì(Ä@ÀwÇ�¼1ÎÅÒw»�Ò>¾|Ç�È/Ì(¶w¼�Ì�¶wÄÐ×cÆ~Ç�¾Á·¹¸º¶>¼�¼ÁÄ�¸ÂÑ�Ç�»�·¹¶w¼wÓ
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Ì�Ò>Ñ�ÃÅ¸ºÈÂ¶9Ä�» ÀwÇ�Ì�¾Á¶¯Ì�¶�ÀwÇ�ÈºÀ>Ä�È�¶S×(Ç�À>·u¶>·<Æ¦ÃÅÈÂç�»�Ã�¿$¸ºÇ�ÈÅÌ�¶>¼uÒwÜgÄ�¸ÂÈº¸ºà(¾¹¶w¼�ÌÔÙÛî�¾¹¾ÁÃJk W�E ¶>à�¾¹¶>Ä
¹Úÿ þÅþ ÿ�ºSÓ
G ÈÂÈº¶:È£Ù ÒS·|¶w»(ÌJ¶w»(¼¹Ä�¸�·|¶â½EÄ�»@ÀYÇ�Ì�¾Á¶ØÆ(ÈºÄ�¼�ÎÅÒw»(Òw¾|Ç�ÈTÆ¦¶w¾Á¿$¶S·¹·|Ç�»�·�Ä�»(¶áÇ�Æ(Æ�¾¹ÃY×Ð¸º¿$Ç�·|¸ÂÃÅ»èÆÝÃ�ÈÂç�»�Ã W
¿$¸ºÇ�Èº¶�¹Úÿ þ�þnD ºSÓhG<ÈºÈº¶�¼¹¶DÀwÃÅ»(ÀwÈºÄÐ·�Æ~Ç�¾¯Ñ�¸º¼Á¸ºÃÅ»cÀ>ÃÅÄ(·¹¶wÄ�¼Á¶Ø¿$Ç�¸º¼B·|¾ÁÉw¼1ÎÅÒw»(Òw¾|Ç�Èº¶:Ì�¶:È£Ù Ç�Æ(Æ�¾¹ÃY×Ð¸º¿$Ç W
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Ç�ÄèÆÝÃÅ¸Â»�·�K(×Ð¶�Ì�Ù Ä�»(¶�ÖrÃÅ»(À>·|¸ÂÃÅ»cÀwÃ�»g·¹¸º»gÄ�¶�Ó
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ε
W Ò>Ü�Ä(¸ºÈº¸Âà�¾¹¶5½áÖ�Ç�¸Âà�Èº¶

¼¹Ä�Æ�Æ¦ÃÅ¾k·{¹£ÿ þÅþ ÿ�ºUÓ�ãaÈT»(ÃÅÄ�¼�Æ¦¶w¾Á¿$¶S·¹·¹¾|ÇEÌ�¶á»�Ã�Ä�¼�¸Â»g·¹Òw¾Á¶w¼¹¼Á¶w¾�½$Ä�»�¶Ø»�Ã�·¹¸ºÃÅ»[ÌÔÙ Ç�Æ�Æ�¾ÁÃ^×Ð¸Â¿!Ç�·¹¸ºÃÅ»
ÆÝÃÅÄ(¾�Èº¶w¼�Ò>ÜgÄ�¸ºÈÂ¸ºà�¾Á¶w¼�Ì�¶�Õ�Ç�¼¹ËÔÓ
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¼ ¸º¼k·|ÃÅ¾Á¸ºÜgÄ�¶>¿$¶>»g·wÏ�ÈÂ¶�·|Ë�Ò>ÃÅ¾¹É>¿$¶�ÌÔÙ ¶U×Ð¸º¼Á·¹¶w»�À>¶5Ì�Ù Ò>Ü�Ä(¸ºÈº¸Âà�¾¹¶9ÌÔÙÛî�¾¹¾ÁÃJk E ¶>à�¾¹¶>Ä!½*ÒS·|Ò¯Ñ�ÄEÀwÃÅ¿7¿$¶
ÈéÇDÀwÃÅ»�¼ÁÒwÜgÄ�¶>»�Àw¶DÌ�Ä!·¹Ë�ÒwÃ�¾¹Éw¿7¶�Ì�Ù ¶U×(¸Â¼Á·¹¶w»�À>¶*Ì�¶:ê�¾ÁÃÅÄ^k�¶>¾wÓ E ¶�ÈºÇØ¿7ëw¿7¶�Ö�Ç�À>ÃÅ»ÔÏgÈº¶1·|Ë(ÒwÃÅ¾ÁÉw¿7¶
ÌÔÙ ¶U×Ð¸º¼Á·¹¶w»�À>¶:ÌÔÙÛÒwÜgÄ�¸ºÈÂ¸ºà�¾Á¶�Ì�¶*Õ�Ç�¼ÁËèÇáÒ>·¹Ò*ÀwÃÅ¿7¿7¶�Ä�»�¶�ÀwÃÅ»�¼ÁÒwÜgÄ�¶>»�Àw¶�Ì�ÄZ·|Ë(ÒwÃÅ¾ÁÉw¿7¶�Ì�¶*Æ¦ÃÅ¸Â»g·
K(×Ð¶�Ì(¶AüDÇn»gÄ(·|Ç�»�¸£Ï�Ä�»�¶D¶S×�·¹¶w»�·|¸ÂÃÅ»@Ì(Ä[·¹Ë�ÒwÃÅ¾ÁÉw¿7¶DÌ�¶�ê�¾¹ÃÅÄ^k9¶w¾>Ó
Í�Ò>Àw¶w¿7¿7¶w»�·YÏ�Ì(¶w¼1·|¾|ÇYÑ�Ç�ÄÐ×èÇlT7»�¶w»�·�Àw¶>¼5ÈÂ¸º¶w»(¼�H
WÎQ Ó ¼ Ó í�Ç�Æ~Ç�Ì�¸Â¿$¸�·|¾Á¸ºÃÅÄcÇ�¼¹¼¹Ä(¾¹¶�Ä�»�¶:ÑÅ¶>¾¹¼¹¸ÂÃÅ»[Ì�¸º¾Á¶wÀ>·¹¶DÌ�¶�H
Ø í�Ã�¸º»�·X�3¸�×Ð¶:Ì�¶�ê�¾ÁÃÅÄ^k�¶>¾ýÙD¸Â¿$Æ(Èº¸ºÜgÄ�¶ Ø G<ÜgÄ�¸ºÈÂ¸ºà�¾Á¶*Ì�¶�Õ�Ç�¼¹ËgÙ�þ
W

[JPTM02]
Ç�¼¹¼ÁÄ�¾¹¶ Ø í�ÃÅ¸Â»�·{�3¸y×(¶!Ì�¶cê�ÃÅÄ^k9¶w¾�Ù

⇔
Ø G<ÜgÄ�¸ÂÈº¸ºà(¾¹¶7Ì�¶èÕ�Ç�¼ÁËgÙ

⇔
Ø G<ÜgÄ�¸ºÈÂ¸ºà�¾Á¶

ÌÔÙ î5¾¹¾ÁÃ:k E ¶wÄ(à�¾¹¶>ÄgÙ"þ
W�ÿ�� Ë~Ç�Ã þ ÿ��£Ï�Ç o Ã�Ä(·|¶ Ø üDÇn»gÄ(·|Ç�»�¸cÙ{Ï Ø @ÐÀYÇ�¾ÁÖ�Ù:¶>· Ø � Ë~Ç�ÃlÙ*½EÀw¶DÀw¶>¾¹ÀwÈÂ¶DÌÔÙ Ò>ÜgÄ�¸ÂÑ�Ç�ÈÂ¶w»�À>¶�Ó

Q ¶>¼u·|Ë�Ò>ÃÅ¾¹É>¿$¶>¼uÆ~Ç�¾ÁÈº¶>»g·uÌÔÙ Ò>ÜgÄ�¸ÂÑ�Ç�ÈÂ¶w»�À>¶¯ÌÔÙÛ¶S×Ð¸º¼k·|¶w»(Àw¶�Ì�¶>¼<ÀYÇ�¼uÎ�Òw»�Ò>¾|Ç�ÄÐ×ÝÏÅ¶S·<¶w» Ì(Ò>ÑÅÃ�¸ºÈº¶>»�·
Èº¶wÄ(¾�ÎÅÒw»�Ò>¾|Ç�ÈÂ¸Â·¹Ò*¶S×ÐÆ�¾Á¶w¼¹¼Á¸ÂÑ�¶�Ï¦¼|Ç�»�¼�ÀwÃ�»�¼¹¸ÂÌ�Òw¾¹Ç�·|¸ÂÃÅ»cÌ�¶DÀwÃÅ¿7Æ�ÈÂ¶S×Ð¸Â·¹Òw¼wÓ
ÊJÇ�¸º¼�ÜgÄ�¶>Èß¶w¼Á·�Ì�Ã�»�ÀDÈº¶:ÀwÃ��(·1Ì�¶�ÈéÇâ¾¹¶>À{Ë�¶w¾ÁÀ{Ë�¶áÌ(¶�À>¶DÆÝÃÅ¸Â»�·�K(×Ð¶8Ö

�A9;#�r^s*#Î)8!Z-/`i<}2t]{³*fa!
Þ ÙÛ¶ÀáÝ¶wÀS·|¸�ÑÐ¸�·|ÒcÌ�Ä ÀYÇ�ÈºÀwÄ(È¯Ì�¶èÆÝÃ�¸º»�·|¼ÁK(×Ð¶>¼$Æ¦ÃÅ¼¹¶èÌÔÙÛ¸º»�·¹Òw¾¹¶>¼¹¼¹Ç�»�·|¶w¼7ÜgÄ�¶w¼k·|¸ÂÃÅ»�¼EÀwÃÅ¿7Æ�Ä(·|Ç�·|¸ÂÃÅ» W
»�¶wÈÂÈº¶w¼>Ó � »!Ç�Æ�Æ¦ÃÅ¾Á· ¸Â¿$Æ¦ÃÅ¾Á·|Ç�»�· Ì�¶�ÈéÇ:Èº¸�·¹·|Ò>¾|Ç�·¹Ä�¾¹¶�Æ¦ÃÅÄ�¾ È£Ù ¶Þá�¶>À>·|¸�Ñ�¸Â·|Ò1Ì�¶�Àw¶�ÀYÇ�ÈºÀwÄ(È~¶w¼Á·9ÈÚÙ Ç�ÈÂÎÅÃ W
¾¹¸Â·¹Ë�¿7¶áÌÔÙ Ç�Æ�Æ�¾ÁÃY×(¸Â¿!Çä·|¸ºÃ�»JÌ�¶©@ÐÀwÇ�¾ÁÖmÓÔÞ ÙÛ¸ºÌ(Òw¶ Ì�¸Â¾¹¶wÀS·|¸ÂÀw¶âÌ�¶ À>¶>·Á·|¶EÇ�Æ�Æ(¾¹Ã�À{Ë�¶ ¶w¼k·ØÌ(¶â·|¾¹Ã�Ä(ÑÅ¶>¾
Ä�»�¶�Æ¦¶>·¹¸Â·¹¶9¼ÁÃÅÄ�¼ W ¼Á·¹¾¹Ä�ÀS·|Ä�¾Á¶L¹�¼Á¸º¿7Æ�Èº¶U×(¶BÃÅÄâÆ(¾¹¸º¿7¸Â·¹¸ÂÖ·º¦Ì~Ç�»�¼uÈéÇ�Ü�Ä(¶wÈºÈÂ¶ ÃÅ»âÇ�¼Á¼¹Ä�¾Á¶¯Ä�»�¶9¼¹¸�·|Ä~Ç�·¹¸ºÃÅ»
ÌÔÙ
ε
Æ¦ÃÅ¸º»�·�K(×Ð¶�Ó

Q ¶>·9Ç�ÈºÎ�ÃÅ¾¹¸�·|Ë�¿7¶9Æ¦¶w¾Á¿$¶S· Ì�¶1¿$¶S·¹·¹¾¹¶�¶w»7Æ�ÈºÇ�Àw¶�Ä�»(¶1Ñ�¸Â¼¹¸ºÃ�»7Î�Òw»�Ò>¾|Ç�ÈÂ¶�¿!Ç�¸Â¼uÀwÃ��(·|¶>Ä�¼¹¶�Ì�¶1ÈÚÙ Ç�Æ W
Æ�¾¹ÃY×Ð¸º¿$Ç�·|¸ÂÃÅ»ZÌ�¶DÆ¦ÃÅ¸º»�·�K(×Ð¶DÌ�¶:ÖrÃÅ»�ÀS·|¸ÂÃÅ»�¼�ÀwÃ�»g·¹¸º»gÄ�¶>¼wÓ
ãaÈ�»�ÃÅÄ�¼EÆ¦¶w¾¹¿7¶>·Á·|¾¹Ç Ì(¶èÖ�Ç�¸º¾¹¶cÈÂ¶cÈº¸Â¶w» ÇYÑÅ¶wÀ[Ä�» ÆÝÃ�¸º»�·EÌ�¶cÑ�Ä�¶[·¹Ã�·{Ç�Èº¶w¿7¶w»�· Î�ÒwÃÅ¿7Ò>·¹¾¹¸ºÜgÄ�¶$H
À{Ë�¶w¾ÁÀ{Ë�¶w¾ØÈÚÙ Ç�Æ�Æ�¾ÁÃ^×Ð¸Â¿!Ç�·¹¸ºÃÅ»@ÌÔÙÛÄ�» Æ¦ÃÅ¸º»�·�K(×Ð¶7Ì�¶EÈéÇZÖrÃÅ»�ÀS·|¸ÂÃÅ»	ÀwÃÅ»�·¹¸º»gÄ�¶EÑ�Çc¼Á¶7·¹¾|Ç�»�¼kÖrÃÅ¾¹¿7¶w¾
¶w»EÀ{Ë�¶w¾ÁÀ{Ë�¶w¾ Ä�»E¼ÁÃÅÄ�¼ ¼¹¸Â¿$Æ�ÈÂ¶S×Ð¶�À>ÃÅ¿7Æ�ÈºÉS·|¶w¿7¶w»�·<ÒS·|¸ÂÜ�Ä(¶>·|Ò�ÏÅÌ�ÃÅ»�· È£Ù ¶U×(¸Â¼Á·¹¶w»�À>¶�¶w¼Á·9Ç�¼Á¼¹Ä�¾ÁÒw¶1Æ~Ç�¾
Èº¶:Èº¶>¿$¿7¶*Ì�¶A@ÐÆ¦¶w¾Á»�¶w¾1ÎÅÒ>»�Òw¾¹Ç�Èº¸Â¼¹Ò�Ó
Q ¶ØÌ�¶>¾¹»�¸Â¶w¾�¶w¼k·

PPDA−
À>ÃÅ¿$Æ(Èº¶>·1Ì(Éw¼�ÈºÇ Ì�¸º¿7¶w»�¼Á¸ºÃÅ»
B(Ï�¶S·5ÈÂ¶D¿!Ç�»(Ü�Ä(¶ØÌÔÙÛ¶ÀT7ÀwÇ�Àw¸�·|Ò�Ì�¶áÈºÇ

¿$ÒS·|Ë�Ã�Ì�¶áÌ(¶�@ÐÀYÇ�¾ÁÖ ¶w¼k·:¸º»�·¹¸º¿7¶w¿7¶w»�·�Èº¸ºÒ>¶á½$ÈÚÙ Ç�¾¹ÎÅÄ(¿$¶>»g·�Ì�¶áÆ�Ç�¾¹¸�·|Ò!ÓÝÞßÇ!¿$Ç�»�¸ºÉ>¾¹¶�Ì�¶á·¹¾¹ÃÅÄ W
ÑÅ¶w¾�ÈéÇØ¼ÁÃÅÄ�¼ W ¼Á·¹¾¹Ä�ÀS·|Ä�¾Á¶:¶w¼k·�Ä�»�¶:¿$Ç�¾¹À{Ë(¶�Ì�ÒS·|¶w¾Á¿$¸Â»�¸º¼k·|¶5Ü�Ä(¸�¿7Éw»�¶5»�ÒwÀ>¶w¼¹¼¹Ç�¸º¾Á¶w¿7¶w»�·�ÑÅ¶>¾¹¼�Ä�»(¶
¼¹ÃÅÈÂÄ(·|¸ÂÃÅ»ÔÓ/Þ/¶!Æ(¾¹ÃÅà�ÈÂÉw¿7¶EÌ�¶$À>¶>·Á·|¶ZÇ�Æ�Æ�¾¹Ã�À{Ë�¶7¶w¼k·âÜgÄ�¶!ÈºÇ[ÈÂÃÅ»�ÎÅÄ(¶wÄ�¾DÌ�Ä À{Ë�¶w¿7¸º»HÑÅ¶w¾Á¼âÀw¶S·¹·¹¶
Ø à¦ÃÅ»�»�¶ÚÙ:¼¹Ã�Ä�¼ W ¼Á·|¾ÁÄ�À>·¹Ä�¾¹¶�Æ¦¶wÄ(·�ë>·¹¾¹¶D¶S×ÐÆ¦ÃÅ»�¶>»g·¹¸º¶>ÈºÈº¶�Ó

ï^þ
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V Ä�Ç�¼¹¸ W Õ5¶Þk�·|ÃÅ»J¶>·DÇ�ÄÐ·|¾¹¶>¼*¿7Ò>·|Ë(ÃÐÌ�¶>¼�Ì�¶áÀwÃÅ»�ÑÅ¶>¾¹ÎÅ¶>»�Àw¶E¼ÁÃÅ»�·:¶w»	¶Þá�¶S·D½ZÈÚÙÛÃÅ¾¹¸ÂÎÅ¸º»(¶:Ì�¶âÈéÇ$¾¹Ò W
¼¹ÃÅÈÂÄ(·|¸ÂÃÅ»cÌ�¶D»�ÃÅ¿âà(¾¹¶wÄ�×è¼Áç�¼Á·¹Éw¿7¶w¼�ÌÔÙÛÒwÜgÄ~Ç�·¹¸ºÃÅ»�¼>Ó
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À{Ë�¶w¾ÁÀ{Ë�¶w¼<Ç�À>·|Ä(¶wÈº¼ß·|¾ÁÉw¼ßÑ�Ç�¾¹¸ÂÒw¼/·|¶>Èº¼TÜ�Ä(¶�ÈéÇ�Æ�¾Á¶wÄ(Ñ�¶�¹ Q ÃÐÜgºSÏ�ÈÂ¶w¼�ê¯Ç�¼¹¶>¼3Ì�¶ E ÃÅ»(»�Òw¶>¼ E Ò>Ì�Ä�À>·¹¸ÂÑ�¶w¼
¹ E Ç�·|Ç�ÈºÃ�Î�Ï�� Ë(¸ºÈº¶NºSÏ�ÈÚÙÛ¸º»�·|¶>¾¹Æ�¾ÁÒ>·|Ç�·|¸ÂÃÅ»cÇ�à�¼k·|¾¹Ç�¸Â·¹¶©¹

mu
W ÀwÇ�ÈºÀ>Ä�ÈxºUÓÂÓ�ÓÂÓ

ãaÈº¼¯Ì�ÒSÑÅÃÅ¸ÂÈº¶>»g·¯Èº¶*ÎÅ¾¹Ç�»�ÌcÆ¦ÃÅÄ(Ñ�ÃÅ¸º¾¯¶U×ÐÆ�¾¹¶>¼¹¼¹¸�Ö3Ì(¶w¼�»�Ã�·¹¸ºÃÅ»(¼¯Ì�¶:Æ¦ÃÅ¸º»�·|¼�K(×Ð¶w¼wÏ(¶>·�ÖrÃÅÄ�¾Á»�¸º¼Á¼¹¶>»g·1Ì(¶
Æ�Ä�¸º¼Á¼|Ç�»�·¹¼�ÈÂ¸º¶>»�¼¯ÑÅ¶>¾¹¼�ÌÔÙ Ç�Ä(·|¾Á¶w¼1¼¹ÃÅ¾k·|¶>¼5Ì�¶DÆ�¾ÁÃÅÎÅ¾¹Ç�¿$¿$Ç�·¹¸ºÃÅ»$Ì�¶DË~Ç�Ä(·�»�¸�ÑÅ¶YÇ�ÄÔÓ

� 6'=Nse&p6Z)8!$#�9$-*9d0J]:<%!
G ÈÂÈº¶èÀwÃ�¿$¿7¶w»�À>¶JÆ~Ç�¾$ÈºÇ ÎÅÒ>»�Òw¾¹Ç�Èº¸Â¼|Ç�·¹¸ºÃÅ» Ì�Ä Ø Þ/¶w¿7¿$¶[Ì�¶$@�ÆÝ¶>¾¹»�¶>¾ýÙ{ÏÛ¶w»�Æ�¾¹Ò>¼¹¶w»�·|Ç�»�·èÈéÇ ¼¹¸ W
·|Ä~Ç�·¹¸ºÃÅ»HÌ~Ç�»(¼ØÈÂ¶$Æ�ÈºÇ�»HÆ�Ä�¸º¼�Ä�»�¶$¿$ÒS·|Ë�Ã�Ì�¶EÌ�¶$ÎÅÒw»�Ò>¾|Ç�ÈÂ¸º¼¹Ç�·|¸ÂÃÅ» à~Ç�¼¹Ò>¶!¼ÁÄ�¾ØÈ£Ù Ç�¾¹ÎÅÄ�¿7¶w»�· Ø Ì(¶
Æ~Ç�¾¹¸�·|ÒÚÙ{Ó�Õ�ÃÅÄ�¼1Æ�¾Áë>·|¶>¾¹ÃÅ»(¼�Ç�·Á·|¶>»g·¹¸ºÃÅ»[Ç�Ä�×cÈº¸Â¿$¸�·|¶>¼�Ì�¶DÈÚÙÛ¶S×ÐÆ�ÈÂÃÅ¼¹¸ÂÃÅ»cÌ�¶DÈéÇ Ì�Ò>ÀwÃÅ¿7Æ¦ÃÅ¼¹¸�·|¸ºÃ�»cÇ�¾ W
à�¸Â·¹¾|Ç�¸Â¾¹¶w¿7¶w»�·ÁK�»�¶èÌÔÙ Ä(» ¼Á¸º¿7Æ�Èº¶U×(¶�Ïu¶w» Ì�¸Â¿$¶>»�¼¹¸ÂÃÅ»¾K~»�¸º¶cÜgÄ�¶>ÈºÀ>ÃÅ»�ÜgÄ�¶�Ï ¶>»�Ç�Æ(ÆÝÃÅ¾k·{Ç�»�·EÌ�¶>¼
¼¹ÃÅÈÂÄ(·|¸ÂÃÅ»�¼¯»�Ã�»@ÃÅÆÐ·|¸º¿$Ç�ÈÂ¶w¼wÓ
Þß¶:À{Ë�Ç�Æ�¸Â·¹¾¹¶�ÿ Ç�Æ�Æ(Èº¸ºÜgÄ�¶�Àw¶w¼1¸ÂÌ�Òw¶>¼�¶w»[¿$ÃÅ»�·¹¾|Ç�»�·�¶>»@ÜgÄ�ÃÅ¸�Èº¶ Ø Þ/¶>¿$¿7¶�Ì�¶A@ÐÆ¦¶w¾Á»�¶w¾�ÙDÇ�¼Á¼¹Ä�¾Á¶
Ä�»�¶ZÇ�Æ�Æ�¾¹ÃY×Ð¸º¿$Ç�·¹¸ºÃÅ» »�ÃÅ» ¶ÀT7ÀYÇ�Àw¶ZÌ�¶$ÈéÇè»�Ã�·¹¸ºÃÅ»HÌ�¶!Æ¦ÃÅ¸Â»g·LK(×Ð¶$ÌÔÙ Ä(»�¶$ÖrÃÅ»(À>·|¸ÂÃÅ» À>ÃÅ»�·|¸Â»�Ä(¶
¼¹Ä�¾âÄ(»�ÀwÃÅ¿7Æ~Ç�ÀS·âÀ>ÃÅ»�ÑÅ¶S×Ð¶�HTÈº¶ Ø í�ÃÅ¸Â»�·AK(×Ð¶cÌ�¶!ê�¾¹Ã�Ä1k9¶w¾�Ù{Ó<Õ�ÃÅÄ�¼ØÌ�Ò>·|Ç�¸ºÈÂÈº¶w¾ÁÃÅ»�¼�¶w»�¼ÁÄ�¸Â·¹¶ZÈéÇ
¼Á·|¾ÁÄ�À>·¹Ä�¾¹¶$Ì�¶!Æ(¾¹¸º¿7¸Â·¹¸ÂÖr¼>ÏÔÇ�¸Â»�¼¹¸ ÜgÄ�¶!ÜgÄ�¶>ÈºÜgÄ�¶>¼ W Ä(»�¶w¼âÌ(¶!¼¹¶>¼áÆ�¾ÁÃÅÆ�¾Á¸ºÒ>·¹Òw¼�Ì�ÃÅ»�·âÈÂ¶EÈº¶w¿7¿7¶7Ì(¶
¾¹¶w¿7Æ�ÈºÇ�Àw¶>¿$¶>»g·wÓ�ãaÈÔÆ¦¶w¾Á¿$¶S·1Ì�¶DÌ�ÒwÀ>¾¹¸º¾Á¶DÄ�»JÇ�ÈºÎÅÃÅ¾Á¸Â·¹Ë�¿$¶ Ø ·|Ç�»�·1ÜgÄ�¶ÞÙ|Ï~Ü�Ä(¸/ÀwÃÅ»�¼Á¶w¾kÑÅ¶áÈºÇâ¼Á·¹¾¹Ä�À W
·|Ä�¾Á¶ØÌ�¶�Æ�¾Á¸º¿7¸Â·|¸�ÖmÓ � »JÆ¦ÃÅ¸º»�·�Ì�Ä@Æ�¾¹¸Â¿$¸�·|¸ÂÖß¶>¼Á·5À{Ë~Ç�»�Î�ÒáÌ�¶�¿!Ç�»�¸ºÉ>¾¹¶DÌ�Ò>·¹¶w¾Á¿$¸Â»�¸º¼k·|¶D½$À{Ë�Ç�ÜgÄ�¶
Ò>·{Ç�ÆÝ¶�Ó/Þ<Ù Ç�¾ÁÎÅÃÅ¾Á¸Â·|Ë(¿$¶á·¹¶w¾Á¿$¸Â»�¶C¹�Æ�Ç�¾:Ä�»HÇ�¾¹Î�Ä�¿$¶>»�·DÌ�¶EÆ~Ç�¾¹¸�·|Òâ¶S·�Ä�» »�ÃÅ¿âà�¾Á¶ÁK~»�¸<Ì�¶EÆ�¾Á¸ W
¿$¸�·|¸ÂÖr¼·ºB»�Ò>Àw¶>¼¹¼|Ç�¸º¾¹¶>¿$¶>»�·�Ì~Ç�»�¼1Ä�»@Æ(¾¹¸º¿7¸Â·¹¸ÂÖ/ÜgÄ�¸ßÇ�Æ�Æ�¾¹ÃY×Ð¸º¿7¶:Ä�»èÆ¦ÃÅ¸º»�·�K(×Ð¶�Ó
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E Ç�»�¼EÄ�» ·|¾¹¸ºÇ�»�ÎÅÈÂ¶cÇ�¾Áà�¸Â·¹¾|Ç�¸Â¾¹¶w¿7¶w»�·áÌ�ÒwÀ>ÃÅÄ�Æ¦Ò@¶>» ·¹¾¹¸éÇ�»�ÎÅÈº¶>¼wÏ3Ç^Ñ�¶wÀ[Ì�¶w¼EÀ>ÃÅ»�·|¾|Ç�¸º»�·|¶>¼7Ì(¶

ÀwÃÅÈÂÃÅ¾|Ç�·¹¸ºÃÅ»c¼ÁÄ�¾�ÈÂ¶w¼�àÝÃ�¾¹Ì�¼>Ï¦Ì(ÃÅ»�·�ÃÅ»JÇ!ÇláÝ¶wÀS·|ÒØÄ�»�¶�ÀwÃÅÈÂÃÅ¾|Ç�·¹¸ºÃÅ»p¹r¶w»�·|¸Â¶w¾Üº1½$À{Ë�Ç�ÜgÄ�¶á¼ÁÃÅ¿$¿7¶>·
Ì�Ä@Ì(ÒwÀwÃ�Ä�Æ~Ç�ÎÅ¶�Ï~¸ºÈÔ¶U×Ð¸º¼Á·¹¶D»�ÒwÀ>¶w¼¹¼¹Ç�¸º¾Á¶w¿7¶w»�·5Ä�»@Æ¦¶>·¹¸Â·¯·¹¾¹¸ºÇ�»�ÎÅÈÂ¶*ÀwÃÅ¿7Æ�ÈÂÉ>·|¶>¿$¶>»�·1Ò>·|¸ÂÜgÄ�¶>·¹Ò�Ó
Õ5ÃÅÄ�¼BÇ�ÈÂÈºÃÅ»(¼uÆ�¾¹Ò>¼¹¶>»g·¹¶w¾9Ä�»�¶�¿!Ç�»(¸ºÉw¾Á¶¯Ì�¶�Ì�ÒwÀ>ÃÅÄ(Ñ�¾¹¸Â¾ Àw¶>·Á·|¶1¼¹Ã�Ä�¼ W ¼Á·|¾ÁÄ�À>·¹Ä�¾¹¶5ÀwÃÅ¿7Æ�ÈÂÉ>·|¶�Ï�ÇYÑ�Ç�»�·
Ì�¶DÎÅÒw»�Ò>¾|Ç�ÈÂ¸º¼Á¶w¾�Àw¶S·¹·¹¶DÑ�¸Â¼¹¸ºÃ�»[¶>»@Ì(¸º¿7¶w»�¼Á¸ºÃÅ»cÜgÄ�¶>ÈºÀwÃ�»�ÜgÄ�¶�Ó
Q ¶>·¹·¹¶EÇ�Æ�Æ�¾ÁÃÐÀ{Ë(¶ »�ÃÅÄ�¼*ÖrÃÅÄ(¾¹»�¸Â¾|Ç!Ä�» ÃÅÄÐ·|¸ºÈ�ÎÅÒw»(Òw¾|Ç�ÈuÜgÄ�¸u»�ÃÅÄ(¼:ÆÝ¶>¾¹¿7¶>·¹·¹¾|ÇZÈ£Ù Ç�Æ(Æ�¾¹ÃY×Ð¸º¿$Ç�·|¸ÂÃÅ»
¹�ÀwÃ��(·|¶>Ä�¼¹¶Nº�Ì�¶*ÈéÇ�»�Ã�·¹¸ºÃÅ»$Ì�¶*Æ¦ÃÅ¸º»�·ÎKÐ×(¶�Ì�¶�ÖrÃÅ»�ÀS·|¸ÂÃÅ»!À>ÃÅ»�·|¸º»gÄ�¶�¼¹Ä�¾¯Ä(»c¼¹¸º¿7Æ�ÈÂ¶S×Ð¶�ÏÐ½Ø·|¾¹ÇYÑÅ¶w¾Á¼
ÈéÇâ»�Ã�·¹¸ºÃÅ»èÌ�¶DÆ¦ÃÅ¸º»�·�KÐ×(¶�Ì�¶�ê�¾ÁÃÅÄ^k�¶>¾wÓ
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{i|3}b~ ï Ó ï Õ G3×(¶>¿$Æ(Èº¶DÌ�¶A@ÐÆ¦¶w¾¹»(¶w¾1Ì~Ç�»�¼1ÈÂ¶:Æ�ÈéÇ�»
®A0:!'s8wi!�!Ðr�`i2e=À]N0ls*rn]:<xwi!]#{�
d
ÞßÇ ¿!Ç�»�¸ºÉ>¾¹¶*Ì�¶DÈÂ¶*·|¾¹Ã�Ä(ÑÅ¶>¾5¶>¼Á·�Ä�»�¶D¿$Ç�¾¹À{Ë�¶�½â·|¾¹ÇYÑÅ¶w¾Á¼5ÈºÇá·|¾Á¸éÇ�»�Î�Ä�ÈéÇ�·¹¸ºÃÅ»�Ó

Q ÃÅ¿$¿7¶w»hßwÃÅ»�¼7Æ~Ç�¾$¾¹¶>Èº¸º¶>¾Eî ½ ·¹ÃÅÄ�¼7Èº¶>¼!Æ¦ÃÅ¸º»�·|¼7Ì�¶ ÿ î�êi��¶S· ÿ î Q �£Ó�å*»÷¸º¿7Æ¦ÃÅ¼¹¶[Ç�¸Â»�¼¹¸1Èº¶
Ì�Ò>·¹¶w¾¹¿7¸º»(¸º¼¹¿7¶1¶w»Z¶>»�·|¾¹Ò>¶*ÈºÃ�¾¹¼ Ì�¶*ÈºÇ�¾Á¶wÀ{Ë�¶>¾¹À{Ë�¶�Ó~Í�¶>»�·|¾¹Ã�»�¼�¹rÌ�¶�È£Ù ¶U×Ð·¹Òw¾Á¸º¶wÄ(¾ÜºBÆ�Ç�¾9È£Ù Ç�¾¹ë>·¹¶5¶U× W
·|Òw¾Á¸º¶>Ä�¾¹¶ ÿ î�êi��ÒS·|¸ºÜgÄ�¶S·|Ò>¶L¹ þ Ï ï º�¹�ÃÅÄáî Q ¼Á¶wÈÂÃÅ»â»�Ã�·¹¾¹¶¯À{Ë(ÃÅ¸�×dºSÓ�å*»âÆ¦¶wÄ(· Ç�ÈºÃÅ¾Á¼�¼ÁÄ�¸ÂÑ�¾¹¶�ÈÚÙÛÄ�»�¸ºÜgÄ�¶
À{Ë�¶w¿7¸º»�ÜgÄ�¸�ÆÝ¶>¾¹¿7¶>·�Ì�¶á·|Ã�Ä o ÃÅÄ�¾Á¼5·|¾¹ÇYÑÅ¶w¾Á¼¹¶>¾:Ì�¶w¼:Ç�¾¹ë>·¹¶w¼�ÿ$ÒS·|¸ÂÜ�Ä(¶>·|Ò>¶w¼ o Ä(¼¹ÜgÄÔÙ ½[Ç�¾¹¾¹¸�ÑÅ¶>¾�¼¹Ä(¾
Ä�»Z·|¾Á¸éÇ�»�Î�Èº¶XBáÀwÃ�ÈºÃÅ¾Á¸ºÒ�Ó'G<»c¶ÀáÝ¶>·wÏ(Ä�»Z·¹¾¹¸ºÇ�»�ÎÅÈÂ¶�¿7ÃÅ»�Ã�À{Ë�¾ÁÃÅ¿!Çä·|¸ºÜgÄ�¶�»�¶*¼Á¶w¾¹Ç o Ç�¿!Ç�¸º¼ ·|¾|ÇYÑ�¶w¾¹¼ÁÒ
¹�¸ºÈ1Ö�Ç�Ä(·!Ä�»�¶ Ç�¾Áë>·¹¶ ÿ W À>ÃÅÈºÃ�¾¹¸ºÒ>¶èÆÝÃÅÄ(¾Z¾¹¶>»g·¹¾¹¶>¾ÜºSÏ�Ä�»÷·|¾Á¸éÇ�»�Î�Èº¶@½ Ì�¶wÄ�×+ÀwÃ�Ä�Èº¶>Ä�¾¹¼cÇ�Ä�¾|Ç�Ä�»(¶
¼¹¶wÄ(Èº¶èÇ�¾Áë>·|¶$¹�Ì�¸Â¼Á·|¸Â»�À>·¹¶ZÌ�¶cÀ>¶wÈºÈÂ¶!ÌÔÙÛ¶w»�·¹¾¹Òw¶NºSÏ<¶S·EÄ�»�·|¾¹¸ºÇ�»�ÎÅÈÂ¶!½$B�À>ÃÅÄ�ÈÂ¶wÄ�¾Á¼â·|¶w¾Á¿$¸Â»�¶!»(Ã�·|¾Á¶
¾¹¶wÀ{Ë(¶w¾¹À{Ë(¶�Ó�å*»	Æ~Ç�¾¹À>ÃÅÄ�¾k·DÌ�ÃÅ»�À Ä�»	Î�¾|Ç�Æ�Ë(¶ Ì�ÃÅ»�·DÈº¶>¼*¼¹ÃÅ¿7¿7¶>·|¼�¼¹ÃÅ»�·DÌ�¶ Ì�¶>ÎÅ¾¹Ò þ Æ¦ÃÅÄ�¾�Ä�»
·|¾¹¸ºÇ�»�ÎÅÈÂ¶á¿7ÃÅ»�Ã�À{Ë�¾¹Ã�¿!Ç�·¹¸ºÜgÄ�¶5H�Ä�» ¶w»�·|¾¹Ç�»�·Ø¶S·�Ä�» ¼¹ÃÅ¾k·{Ç�»�·YÏ/Ì(ÃÅ»�ÀEÃÅ» »�¶ Æ¦¶wÄ(·�¾¹¶SÑÅ¶>»�¸º¾D¼¹Ä(¾
Ä�»@ÒS·{Ç�·1Ì(Ò o ½ ÑÐ¸Â¼¹¸�·|Ò�Ó~å:»c·¹¶w¾¹¿7¸º»(¶:Ì�ÃÅ»�ÀD»�Ò>Àw¶w¼Á¼|Ç�¸Â¾¹¶>¿$¶>»g·5Ì~Ç�»(¼�Ä(»[·¹¾¹¸éÇ�»�ÎÅÈº¶�B ÀwÃÅÈÂÃÅ¾¹¸ÂÒ�Ó
b∇

å*» ¼wÙ Ç�Æ�Æ¦¶w¾ÁÀwÃÅ¸�·DÜgÄ�¶$ÈºÇ!·|¾Á¸éÇ�»�Î�Ä�ÈéÇ�·¹¸ºÃÅ»@¾¹Ò>ÎÅÄ�Èº¸ÂÉw¾Á¶â»~Ç�·¹Ä�¾¹¶>ÈºÈº¶áÆÝ¶>¾¹¿7¶>·DÀwÈºÇ�¸º¾Á¶w¿7¶w»�·:ÌÔÙÛÃÅà W
·|¶w»(¸º¾wÏ(Ì~Ç�»�¼1Èº¶:ÀwÇ�¼1Ì�Äè·|¾¹¸ºÇ�»�ÎÅÈÂ¶�ÏÐÄ�»èÌ�¸éÇ�¿7É>·¹¾¹¶DÇ�¾Áà�¸Â·¹¾|Ç�¸Â¾¹¶>¿$¶>»g·�ÆÝ¶S·|¸�·YÓ
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{i|3}b~ ï Óæÿ Õ ì�¾Á¸éÇ�»(ÎÅÄ�ÈéÇä·|¸ºÃ�»ZÌ�ÄèÀwÄ�à¦¶�¶w»m� ·¹Ò>·¹¾|Ç�ë>Ì�¾¹¶>¼
ªØ©ÐÏ �H¬ °���´úÓc¬���� Óc±>­ ¬1²è´ß±ÞÒØ² �
å*»èÑ�ÇE¼>Ù ¸Â»�·|Òw¾Á¶w¼Á¼¹¶w¾5Ç�Ä[ÀYÇ�¼1Ì�Ä[ÀwÄ(àÝ¶�Ó

�\�8���t� �����.�\���B�r�l�O�l���\���S���U�S�B�
ÞßÇDÆ�¾¹¶>¿$¸ÂÉw¾Á¶�Ò>·{Ç�ÆÝ¶1ÀwÃ�»�¼¹¸Â¼Á·|¶5½:¼¹Ä�à¦Ì�¸�ÑÐ¸Â¼¹¶>¾BÌ(¶�¿$Ç�»�¸ÂÉw¾Á¶�¾¹ÒwÎ�Ä�Èº¸ÂÉw¾¹¶�ÈÂ¶�ÀwÄ�à¦¶�¶w»7ÀwÄ�à¦¶wÈÂ¶>·|¼¿þ

ÃÅ» Ç	Ì�Ò o ½	Ç�¸Â»�¼¹¸9Ä�» ÀwÃÅ»�·¹¾p�ÅÈÂ¶èÇ�¾¹à�¸�·|¾¹Ç�¸º¾Á¶$Ì�Ä Ì�¸ºÇ�¿7É>·|¾Á¶ZÌ�¶>¼ ÀwÄ�à¦¶wÈÂ¶>·|¼>Ó å*»�Ñ�Ç�¶>»�¼¹Ä(¸Â·|¶è¼Á¶
Ì�ÃÅ»�»�¶>¾5Ä(»�¶á¾Á¶wÆ�¾ÁÒw¼¹¶>»�·{Ç�·¹¸ºÃÅ»JÖ�Ç�Àw¸ºÈÂ¶w¿7¶w»�·1¿$Ç�»�¸ºÆ(Ä�ÈéÇ�à(Èº¶*Ì�¶>¼°B W ·|¾Á¸éÇ�»�Î�Ä�ÈéÇ�·¹¸ºÃÅ»(¼�¹�¸£Ó ¶�Ó�Ì�ÒwÀ>ÃÅ¿ W
ÆÝÃÅ¼Á¸Â·¹¸ºÃÅ»â¶>»$·¹Ò>·|¾¹Ç�ëwÌ(¾¹¶w¼·ºu¼¹Ä�À>Àw¶w¼Á¼¹¸�ÑÅ¶w¼�Ì�¶w¼ ÀwÄ(àÝ¶>¼wÓgî »©K(×ÐÒ�Ï�Ì�ÃÅ»�»�Ã�»�¼9Ì�Ù Ç�à¦ÃÅ¾ÁÌ7Ä(»�¶1Ì�¸ÂÑ�¸º¼Á¸ºÃÅ»
Ì�¶DÀ{Ë~Ç�ÜgÄ�¶�ÆÝ¶S·|¸Â·1À>Ä�à¦¶�Ó
qC6'r�`i&�-/`i=N<x]:<%`t2�!'2 ��]J6^]J0:9��')80:!g=²�
í�ÃÅ¼ÁÃÅ»�¼�H
a1 := [0, 0, 0]; a2 := [1, 0, 0]; a3 := [1, 1, 0]; a4 := [0, 1, 0];
a5 := [0, 0, 1]; a6 := [1, 0, 1]; a7 := [1, 1, 1]; a8 := [0, 1, 1]

þ
Èº¶w¼	�â·¹Ò>·|¾¹Ç�ëwÌ(¾¹¶w¼�¼¹Ä(¸ÂÑ�Ç�»�·|¼1Æ~Ç�¾k·|¸�·|¸ºÃ�»�»�¶w»�·�à(¸º¶w»[Èº¶:À>Ä�à¦¶�Ä(»�¸Â·¹Ò
t1 := [a1, a2, a3, a7]; t2 := [a1, a4, a7, a8]; t3 := [a1, a3, a4, a7];
t4 := [a1, a5, a7, a8]; t5 := [a1, a2, a6, a7]

¶>·
t6 := [a1, a5, a6, a7]

Ó
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{i|3}b~ ï ÓFB Õ ì�¾Á¸éÇ�»�Î�Ä�ÈéÇ�·¹¸ºÃÅ»$Ì�Ä[ÀwÄ�à¦¶D¶w» ï ÿá·|Ò>·¹¾|Ç�ë>Ì�¾¹¶>¼
qC6'r�`i&�-/`i=N<x]:<%`t2�!'2 �'?�]J6^]J0:9��')803!'=²�
å:» Æ¦¶wÄ(·�Ç�Ä�¼¹¼Á¸uÖ�Ç�¸º¾Á¶âÈº¶âÀ{Ë(ÃÅ¸�×�Ì�¶EÆÝÃÅ¼Á¶w¾:Ä�»HÆ¦ÃÅ¸º»�·:À>¶w»�·|¾¹Ç�ÈÚÏÔ¼ÁÃÅ¿7¿$¶S·:Ì�¶w¼ ï ÿ$·¹Ò>·¹¾|Ç�ë>Ì�¾¹¶>¼©H
G »[Æ¦ÃÅ¼|Ç�»�·
a0 := [0, 0, 0]; a1 := [1, 0, 0]; a2 := [0, 1, 0]; a3 := [0, 0, 1]; a4 := [1, 1, 0];
a5 := [0, 1, 1]; a6 := [1, 0, 1]; a7 := [1, 1, 1]a8 := [.5, .5, .5]

Ó
å:»@Æ~Ç�¾k·|¸Â·¹¸ºÃÅ»(»�¶:à�¸º¶>»JÈÂ¶�À>Ä�à¦¶áÄ�»�¸�·|ÒD¶w»JÌ�ÒwÀ>ÃÅ¿$Æ¦ÃÅ¼¹Ç�»�·�ÈÂ¶�À>Ä�à¦¶á¶w»\�$Æ�ç�¾|Ç�¿7¸ºÌ(¶w¼�¹£½Eà~Ç�¼¹¶>¼
ÀYÇ�¾Á¾¹Òw¶>¼{H�Ä�»(¶ Æ~Ç�¾�Ö�Ç�À>¶Jº5¶>ÈºÈÂ¶w¼ W ¿$ë>¿$¶>¼5Ì(ÒwÀwÃ�¿$Æ¦ÃÅ¼¹Ò>¶w¼©¹rÆ~Ç�¾*Ä�»(¶ Ì�¸éÇ�Î�ÃÅ»~Ç�ÈÂ¶ØÌ�¶áÈéÇ!à~Ç�¼¹¶Jº�¶>»
Ì�¶wÄÐ×Z·|Ò>·¹¾|Ç�ë>Ì�¾¹¶>¼5À{Ë�Ç�ÀwÄ�»(¶�Ó
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T�yÄD-mQz)P&�n�@6Ç7qW-�/*-±)A-AVAâ]-7)PVAâ]-�>�5A54&4V718X�-A57:aÃ+X7:8>�,]:0/*&�,],.X�(l,

x ∈ Σ∗ K+)A-7,]2�&�æv-7)�571Q]&45A571<n�@6-
y ∈ Σ∗ :R-7@D©�(]- (x, y) ∈ R

&�(èç3,.&�,Àé�5713,.&�,zyä Ä�>�V7@x>�5A54-©�3íê-A57:�@x>e2�-7)P5718&�,è)A-A57:<)P-713,]:�-m>�(dcaQz)P&�n�@6Ç7qW-A5B)PXA54&�@¨2�>vn�@6-A5m-7,¿:R-7qHQ]5'Q]&�«@¨æd,.&�qm1<>�@xyä Ä�>�V7@x>�5A54-�ì	�uÕ�í�KbVA&�qHQz)=1654-+-7,]:F)P-k@6-A5k/*-7(�ceV7@x>�5A54-A5�Qz)PXAVAXp/*-7,]:�-A5AK\-A57:i>�5A54&4V718XA-k>�(dcQz)A&�n�@6Ç7qW-A5+/*-i¾ë&�,.V7:<18&�,w5+:R&�:O>�@6-A5+qm(*@¨:F132�>�@¨(]XA-A5AK'&�ìí@x>W2�X7)=1 î�Vp>�:<18&�,"-A57:DQ]&�@¨æ�,.&�qm1<>�@6--7,E:�-7qHQ]5�y
� !g&p9d03�.s*!p� ÞTÇ±/�(w>�@¨13:�X�ÀwÇ�Æ(·¹Ä�¾¹¶DÈéÇâÖ�Ç�À>Ä�ÈÂ·¹Ò:Ì�¶D¾¹¶>ÀwÃÅ»�»�Çdïº·¹¾¹¶:ÈÚÙÛÃÅÆ(·¹¸º¿$Ç�Èº¸�·|Ò�Ó

å:»[Ç7Ç�ÈºÃ�¾¹¼°H
 �!'&(&�!p� ð

&�(*:�Qz)P&�n�@6Ç7qW-B/DCã&AQz:<13qm165�>�:<18&�,;>�2�-AVB/�(w>�@¨13:�Xm-A57:�/v>�,w5
ð
å$ñØ%�y

qC6^³Ç2e<x]:<%`i2¯? g�,E2�>§q�>�13,]:R-7,z>�,]:$5]C 13,]:�X7)P-A5A54-7)+áW(*,.-j54&�(À57«pV7@x>�5A54-k/*-
ð
å$ñØ%ÐÃòD,aQz)P&�n�@6Ç7qW-

A
KÅ5RQ]XAV71 î�X¦Qw>�)H/*-7(�ch>�@�?*&�)=13:3â*qW-A5¦Q]&�@¨æd,.&�qm1<>�(dc

N
-7:
c
Kr-A57:¦/v>�,w5S@x>�V7@x>�5A54-

íBÞ*@è571�VA-A5�Q]&�@¨æd,.ó�qW-A5k2�X7)=1 î�-7,]:iÃä %Ø&�(*)W:R&�(*:�-E-7,]:<)PXA- x K_@pCã-7,w54-7q�n�@6-W/*-A5§54&�@¨(*:<18&�,w5�-A57: S(x) = Σp(|x|) &�ì�QÐ-A57:_(*,Q]&�@¨æd,.ó�qW-�yä %Ø&�(*) s ∈ S K�&�,;> N(x, s)
@pCã-7,w54-7q�n�@6-B/*-A5k2�&�165713,w5+/*-ØcÀyä &�,è/*&�13:�>�2�&�13)j@6-mVA&�ô*:�/*-k@x>W)P-AVAâ]-7)AVAâ]-+Ã c(x, s) Q]&�@¨æ�,.&�qm1<>�@L-7, |N(x, s)|� !g&p9d03�.s*!p�

Õ ÞßÇ�:R&�:8>�@¨13:�X�Æ¦ÃÅÄ�¾�ÈÂ¶w¼�ÖrÃÅ»�ÀS·|¸ºÃ�»�¼�Ì�¶�í Þe@c¼¹¶DÌ�ÒÞK~»�¸�·5À>ÃÅ¿7¿$¶Ø ìTÃÅÄ(·1ÎÅ¾¹Ç�Æ�Ë�¶DÃÅ¾Á¸º¶>»g·¹ÒDÇ�À>ç�À>Èº¸ºÜgÄ�¶�K~»(¸ÔÆÝÃ�¼¹¼¹É>Ì�¶�Ä�»@Æ(Ä�¸Â·¹¼ýÙ{Ó
ãaÈ9¼>Ù Ç�ÎÅ¸Â·áÌ�ÃÅ»�ÀZÌ�Ù Ä�»(¶ZÌ�ÒÀK�»�¸Â·¹¸ºÃÅ»�¼kç�»g·|Çä×Ð¸ºÜgÄ�¶,¹r¸º¿7Æ�Èº¸ÂÀw¸Â·¹¶Jº5ÜgÄ�¸�ÆÝ¶>¾¹¿7¶>·âÌ(¶Z¼¹Æ¦ÒwÀ>¸UK~¶>¾
Ä�»[ÎÅ¾|Ç�Æ(Ë�¶:Ì�¶:·{Ç�¸ÂÈºÈÂ¶�¶S×ÐÆ¦ÃÅ»�¶>»g·¹¸º¶>ÈºÈº¶*Ñ�¸ºÇEÄ(»�¶D¼Áç�»�·{Çä×Ð¶�ÆÝÃÅÈ�ç�»�ÃÅ¿7¸éÇ�ÈÂ¶�Ó

Õ ãaÈ9¶U×Ð¸º¼Á·¹¶!Ä�»(¶ZÒw»gÄ�¿7Òw¾¹Ç�·|¸ÂÃÅ» ¾ÁÒwÀwÄ(¾¹¼¹¸�ÑÅ¶ZÌ(¶w¼âÆ�¾ÁÃÅà�ÈÂÉw¿7¶w¼�Ì~Ç�»�¼��uÕ�í�Ç�ÈÂÃÅ¾¹¼�ÜgÄ�¶Z»�ÃÅÄ(¼»ÔÙÛ¶w»[ÀwÃÅ»�»�Ç�¸º¼Á¼¹ÃÅ»�¼1Æ~Ç�¼�Æ¦ÃÅÄ�¾�ì	�3Õ�í�Ó
qC6^³Ç2e<x]:<%`i2¯j�!Ä�5034is*&�!'2t]:={#�<�6'=Á9;safà-e9d03<x]J6'=�#òD,.-_>�(*:F)P-+V7@x>�5A54-HnA>�54XA-Ø57(*)Ø(l,±@6-7qmqW-Ø:^â]XA&�)=1<©�(]-_/*-b?�)t>7Q]â]-A5j-A57:9ÈÚÙ Ç�¾¹ÎÅÄ(¿$¶>»g·BÌ�¶�Æ~Ç�¾Á¸Â·¹ÒhÃç
ð
&�(*:s?�)t>7Q]â]-¦îr,]1.Q]&45A54Çp/*-_(l,;,.&�q�n�)P-�Qw>�13)+/*-+,.&4-7(w/�5B/*-0/*-8?�)PXk13qHQw>�13)�é^y

òD,"Vp>�5�Qw>�)=:<18V7(l@¨18-7)B>7QvQ]-7@6XØÈÚÙ Ç�¾ÁÎÅÄ�¿7¶w»�·�Ì�¶:Ör¶wÄ(¸ºÈºÈÂ¶w¼¯¸Â¿$Æ�Ç�¸º¾Á¶w¼a-A57:�/*X^îr,]1zQw>�)ç
ð
&�(*:s?�)t>7Q]â]-AKi/*-0/*-8?�)PXB>�(mQz@¨(v5B/*-7(�cBQ]&45A54Çp/*-AK¦(l,;,.&�q�n�)P-j13qHQw>�13)+/*-r¾ë-7(*13@3@6-A5dé^y

g�,�Q]-7(*:bqW&�,]:F)P-7)WMO241<>±@6-Wç8VAâ]-A5A5RQz@x>�æÀ-7)a>�@�?*&�)713:3â*q�éõT�©�(½-a@6-A5h/*-7(dcèV7@x>�5A54-A5B165A57(]-A5�/*-�VA-A5/*-7(�ce/*X^îr,]13:<18&�,w5aVA&�ö3,.V71</*-7,]:8y
ÿ ï



qC6^³Ç2e<x]:<%`i2àyf!ý®A®Î��#g�,;2�-7(l:�áe,.&�(*2�-p>�(í/*X^îr,]13)+(*,�Qz)P&�n�@6Ç7qW-B/*-B)A-AVAâ]-7)PVAâ]-_57(*)0/*-A5j?�)t>7Q]â]-A5B/*-B:8>�13@3@6-m-tcoQ]&�«,.-7,]:F18-7@3@6-�y'g�,�/�13)t>�©�(½-0@6-HQz)P&�n�@6Ç7qW-
A
-A57:Ø/v>�,w5$í í¦î�5]C 13@¦-A57:Ø/*X^îr,]1�Qw>�)a(l,.-aq�>*VAâ*13,.-/*-

ð
(*)=13,*?�/*X7:�-7)=qm13,]1657:R-

M
>�2�-AVä x -A57:i(*,.-m-7,]:F)PXA-�Q]&�(*) Mä Ä+Cã-7,w54-7q�n�@6-k/*-A5kqW&�:350/*-k:O>�13@3@6- |x| -A57:in7&�)=,.XbQw>�) p(|x|) &�ì p -A57:\(l,WQ]&�@¨æ�,.ó�qW-�yä Ä+Cã-A5RQw>*VA-k/*-A5mVA&�,ëîL?�(l)t>�:<18&�,w5 C(x)

-A57:�n7&�)=,.X�Qw>�)
Σp(|x|) yä %Ø&�(*)'(l,.-jVA&�,ëîL?�(*)t>�:F18&�,e/*&�,],.XA- c ∈ C(x)

K
M

)P-7,]2�&�18-'(*,í-7,w54-7q�n�@6-
M(x, c)

/DC >�(Qz@¨(À5B/*-7(dc�VA&�,ëîL?�(*)p>�:<18&�,w5a-7,E:R-7qHQ]5
O(p(n))

yg�,E,.&�:�-mY�y3y3y<Ym@x>Ø¾ë-7(l13@3@6-j57:8>�,z/v>�)t/íMtV]Cã-A57:r:�&�(=÷ë&�(*)A5B(*,.-¦¾ë-7(*13@3@6-RT�yg�,�5]C >7QvQz(l18-H57(l)k@pC >�)F?�(lqW-7,]:i/*-r¾ë-7(*13@3@6-A5k13qHQw>�13)P-A5�yÄD-bQz)P&�n�@6Ç7qW-k/*-+)A-AVAâ]-7)PVAâ]-k>�5A54&4V718XBá�ø -A57:�ÃçkX7:8>�,]:�/*&�,],.Xj(l,
x
K\:<)P&�(l2�-7)k(*,.-r¾ë-7(l13@3@6-B/*-

G(x)
>�(*:F)P-0©�(]-mY�y3y3y<YléSy
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Õ5ÃÅÄ�¼�¶w»[Æ�¾ÁÃnK�·|¶>¾¹ÃÅ»(¼5Ì�Ã�»�ÀØÆ¦ÃÅÄ�¾1¶>»J¶S×ÐÆ�ÈÂ¸ºÜgÄ�¶>¾�ÈÂ¶w¼1¾¹Ã�Ä~Ç�ÎÅ¶>¼�·¹Ë�ÒwÃÅ¾Á¸ºÜgÄ�¶>¼�¹rÆ�¾¹¸Â¿$¸�·|¸�ÖmÏÐÈÂ¶w¿7¿$¶
Ì�¶D¾¹¶w¿7Æ�ÈºÇ�Àw¶>¿$¶>»g·wÓÂÓ�ÓFº9ÆÝ¶>¾¹¿7¶>·Á·{Ç�»�·1¼|ÇE¿7¸º¼¹¶�¶w»@Ç�Æ�Æ�ÈÂ¸ºÀYÇä·|¸ºÃ�»ÔÏ(Ç�¸º»�¼Á¸�ÜgÄ�¶�Èº¶w¼�ÈÂ¸º¿7¸Â·¹¶w¼BÎÅÒwÃÅ¿7Ò W
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���������� ��!#"$�%�'&Æ�&�13:
Pn

(*,"-7,w54-7q�n�@6-+/*-+2�-AV7:R-7(*)A5
π1, ..., πn

K-7:r54&�13:�/v>�,w5k@6-_5713qHQz@6-tcl-
S = {π|Σn

i=1πi = 1, πi ≥ 0}
yÆ�&�13:

f
(*,.-r¾ë&�,.V7:<18&�,¿VA&�,]:<13,](½-

f : S → S
K¦57(4QvQ]&454XA-_54&�(À5j@x>S¾ë&�)7qW-

π → f1(π), ..., fn(π)
&�ì�@6-A5

fi ≥ 0
-7:

Σn
i=1fi(π) = 1

(*)+���,�-& 13@s-tcu1657:�-j(l,
s ∈ S

:�-7@D©�(]-
f(s) = s

y
Ï7©ÐÏ .¤ÒB�ÞÒD®3±o�0/�¬ �Ø´ß´aÒ7°�±7¯

 �!'&(&�!\?
%Ø&�(*)

f
-7:
π
/*XAV7)=13:^5�Qz)AXAVAXp/*-7qmqW-7,]:3K

13@s-tcu1657:R-�M�>�(�qW&�13,w5RTm(l,;13,z/�18VA-
i
:�-7@D©�(]-

πi > 0
-7:
fi(π) ≤ πi

y
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d
G<»[¶ÀáÝ¶>·YÏ~Æ�Ç�¾�ÈÚÙ Ç�à�¼ÁÄ�¾¹Ì�¶�Ï~¼¹¸

∀i, fi(π) ≥ πi

Ç�ÈºÃ�¾¹¼
Σn

i=1πi = 1 = Σn
i=1fi(π)

Ï
¶>·�Àw¶S·¹·|¶DÒ>Î�Ç�Èº¸�·|Ò*»(¶�Æ¦¶wÄÐ·�ÇYÑ�ÃÅ¸º¾�ÈÂ¸º¶wÄcÜgÄ�¶�¼¹¸

∀i, fi(π) = πi

¶S·
π
¶>¼Á·�Ç�ÈºÃ�¾¹¼¯Ä�»[Æ¦ÃÅ¸º»�·�K(×Ð¶�Ó

b∇

îQÀ{Ë~Ç�ÜgÄ�¶DÆÝÃ�¸º»�·
π
Ì�¶�@!Ã�»cÆÝ¶>Ä(·1Ç�¼Á¼¹Ã�Àw¸º¶>¾¯Ä�»è¸º»(Ì�¸ºÀ>¶

i
¹�À{Ë(ÃÅ¸º¼Á¸ÔÇ�¾Áà�¸Â·¹¾|Ç�¸Â¾¹¶w¿7¶w»�·9¼¹¸ÝÆ�ÈºÄ W

¼¹¸º¶>Ä�¾¹¼1À{Ë�Ã�¸�×c¼ÁÃÅ»�·�Æ¦ÃÅ¼Á¼¹¸ºà(Èº¶w¼·º9·|¶>È/Ü�Ä(¶
πi > 0

¶S·
fi(π) ≤ πi

Ó
@ÐÃÅ¸Â·

f
À>ÃÅ»�·|¸Â»�Ä(¶�Ï�¶>·

ε > 0
Ï�¶>·�ÈéÇ »�Ã�¾¹¿7¶

|x| = maxi|xi|
Ó

Q ÃÅ¿$¿7¶�@[¶>¼Á·5ÀwÃÅ¿7Æ~Ç�ÀS·YÏ~ÃÅ»@ÆÝ¶>Ä(·�·|¾¹Ã�Ä(ÑÅ¶>¾5Ä�»
δ > 0

·¹¶wÈ/ÜgÄ�¶áÜgÄÔÙÛÃÅ»@ÃÅà(·|¸Â¶w»�»(¶ØÈ£Ù Ä�»(¸ÂÖrÃÅ¾Á¿$¶
ÀwÃÅ»�·|¸Â»gÄ�¸Â·¹Ò
¹�¸ÚÓÛ¶�Ó
|π1 − π2| < δ ⇒ |f(π1)− f(π2)| < ε

ºSÓ

Ï*1 � �H±>¬1² ���	¬¯®3²c¬¯®32
ε 4 �$Ò�±w² ³T´5�e­!¬1´

 �!'&(&�!�6
Æ½1s@6-0/�1<>�qWÇ7:F)P-kq�>ëcu13q�>�@Å/*-A5H54&�(À57«85713qHQz@¨18VA-A5k/*-k@x>+Qw>�)=:F13:<18&�,"-A57:

δ
K

>�@6&�)P5+:�&�(*:�Q]&�13,]:
π
/DC (*,�54&�(v57«85713qHQz@6-tcl-0VA&�qHQz@6Ç7:R-7qW-7,]:�X7:F1<©�(]-7:�Xj5�>�:<165^¾o>�13:
|f(π)− π| < (n− 1)(ε+ δ)

y
d ï ÓX��Ç�¸º¼ÁÃÅ»�¼	ÈéÇ÷Æ(¾¹¶wÄÐÑÅ¶�Æ¦ÃÅÄ�¾	Ä(»&¼Á¸º¿7Æ�Èº¶U×(¶

[a, b, c]
¶>·H¼¹Ä(Æ�ÆÝÃ�¼¹ÃÅ»�¼HÀw¶ ¼¹¸Â¿$Æ(Èº¶S×Ð¶�ÒS·|¸ W

ÜgÄ�¶>·¹Ò ÿyï Ï ÿÐÏFB��ÚÓßÞ/¶w¼�ÀwÃ�»g·¹¾|Ç�¸Â»�·|¶w¼�ÜgÄ�¶7ÈÚÙÛÃÅ» ¶w» Ì(ÒwÌ�Ä�¸�·�¼¹ÃÅ»�·
f1(a) ≤ a1

Ï
f2(b) ≤ b2

Ï
f3(c) ≤ c3

Ó
@ÐÃÅ¸�·

x
·¹¶wÈ/ÜgÄ�¶

Σ3
i=1xi = 1

þ~ÃÅ»[Ç²H
f1(x)− x1 = f1(x)− f1(a) + f1(a)− a1 + a1 − x1 ≤ ε+ 0 + δ
x1 − f1(x) = x1 − 1 + f2(x) + f3(x)
= f2(x)− f2(b) + f2(b)− b2 + f3(x)− f3(c) + f3(c)− c3 + (x1 + b2 + c3 − 1)
≤ ε+ 0 + ε + 0 + (x1 + x2 + x3 − 1) + b2 − x2 + c3 − x3

≤ 2ε+ 0 + 2δÞßÇE¼Á¸Â·¹Ä~Ç�·|¸ÂÃÅ»cÆ¦ÃÅÄ�¾
f2

¶w¼k·�¼Áç�¿$ÒS·|¾Á¸ºÜgÄ�¶D¶>·�¶w»[Æ�¾Á¶w»~Ç�»�·�Èº¶:¿$Çä×Ð¸º¿áÄ�¿@ÏÐÃÅ»[Ç à�¸º¶>»
|f(x)− x| ≤ 2(ε+ δ)

ÿÐÓ�ÞßÇEÆ(¾¹¶w¿7¸ºÉ>¾¹¶:¸Â»�ÒwÎ�Ç�Èº¸Â·¹Ò�¶>¼Á·�¶S×(Ç�ÀS·|¶w¿7¿7¶w»�·�ÈéÇ ¿$ë>¿$¶�¶w»[Ì�¸º¿7¶w»�¼Á¸ºÃÅ»cÜgÄ�¶>ÈºÀ>ÃÅ»�ÜgÄ�¶©H
ÞßÇJ¼¹¶>ÀwÃÅ»�Ì(¶èÖ�Ç�¸Â·Ø¸º»�·|¶>¾ÁÑÅ¶>»�¸º¾

n − 1
ÀwÃÅ»�·|¾t�ÅÈº¶>¼âÌ�Ä�·aç�ÆÝ¶

fi(x) − fi(t)
Ã�×

i > 1
¶>·

t
Ä�»	¼¹Ã�¿$¿7¶>·5Ì�Ä�¼ÁÃÅÄ�¼ W ¼¹¸Â¿$Æ�ÈÂ¶S×Ð¶áÀ>ÃÅ¿7Æ�ÈºÉS·|¶w¿7¶w»�·�Ò>·|¸ÂÜgÄ�¶>·¹Ò�ÏÝ·¹ÃÅÄ�¼5¸º»(ÖrÒ>¾¹¸º¶>Ä�¾¹¼�½

ε
Ï¦Èº¶>¼

fi(t)
¼¹ÃÅ»�·�À>ÃÅ»�·|¾p��ÈºÒw¼BÑ�¸éÇáÈÂ¶w¼�¸Â»�ÒwÎÅÇ�Èº¸�·|Òw¼ Ì�Ä(¶w¼�½áÈºÇØÀ>ÃÅÈºÃÅ¾¹Ç�·|¸ÂÃÅ»7¶>·¯Ã�»ZÀwÃÅ»(ÀwÈºÄ(¶*¶w»Zà¦ÃÅ¾ W
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 â;ä�ûÂâ;ã G ý�âVø�áQô�ã�ô�åÃô ��ûÂâ;áKó,ô¸â;ä�åbô�ä�úIâKþlà�û@ú,ô ß´à;á¡â;ã�ãFâ;ä�å½æñ@ó,ä�ûVý�â·ò�ó�û·ò�÷�ä�åÃáKó,ô�á¡â�ö
πj∗ ø�ó,áQå¸ó[�IâÛû:ó$ò�÷�ùlý�â;ùIá3ó\�,â�ò � âKþ�óIò;å²â;ãFâ;ä�å��´ùIäRó,ùIå+á¡â·úIâ�û��,â�ò;å�â;ùIá¡û

π2, ..., πn
æ

Ä k,n |KsB},x�Ý k | mon �rv*s�qrsBu�sM|¡}>p n¡m x m u ¥ ��p�£¤}®z%s:{ByrsMu�sMqru�sMvEwrx�sMu���| m v mon�m ��u�x�}Û� k |KvSs�{ m yrs:uKu�pru �µ {���},��prs ¥Mn }¢�Ôs � x¸£§s:qruKs:vEwrxosO�r| m v mdn¡m �Ôz ¥ | mo¨ sS�  �   q�£¤sMu n },uKu k { m�¥ Ó	},pr{MprqXz%s:{ n sMpr|¦ �G] k p n z%sM{ n sMpr|>yrsOx¸£§s:qruKs:vEw�x�s´�r| m v mon�m ��sMu n3m q�y ¥ � ¥ y m^L�¥ |�s:v*v*s:q n s;�l{Ms:� n�¥ � k pr|�prq�s��} m |�s´yrsOz%sM{ n s:pr|Ku·yrsOv*ë:v*s�{ k p�x�s:p�| �� £¤},xoÝ k | mdn �rv*s��r|Ks:qry�prq$yrs:u y�s:pl�$z%s:{ n sMpr|�u�yrsÛvSëMvSsB{ k p�x�s:p�|�s n x�sZ|�s n�m |Ks Ò |�s:v*�rx�},{:sMvSsMq ns:q~�Ã} mon ÕÛy�s$x¸£§s:q�u�s:v$wrx�sO�r| m v mon¡m � � Ñ q­}*},x k |�u>u k,mon prq�q k p�z%sMx�sMqru�sMvEwrx�s0�r| m v mon¡m �C}®z%s:{@x�sMuvSëMvSsMu��r| k ��| m�¥;n¡¥ u � u k,mon prqrsOu k x�p n�m�k q �
_ k |Ku$yrs<x+£¤sMqru�sMvEwrxosS�r| m v mon�m � m q mdn¡m }¢x � p�qiyrs:u$yrs:pl�'z%sM{ n s:pr|Ku Ò yrsFv*ë:v*s*{ k prxos:pr|¡ÕOz m sMq ny�£¤ë n |Ks m q n | k yrp mdn � Ñ qtu k | n y k q�{0x+£Ç}¢p n |Ks �Ñ q�}'y k qr{�Ó��Ã} m |KstÓ'prq��r},|�{ k pr|�u*yrs~Ý%|¡},���rs k,� x�sMuSu k v*vSs n u*u k q n y�s~yrsMÝ%| ¥ u ≤ 2 �k qÐqrsX|�s;z m s:q n ¶�},vS} m u@u�pr|�p�qïu k v*vSs n y ¥ ¶�Ó­z m u mon�¥ s n � £¤},x�Ý k | mon �rv*sSqrsX��s:p n uM£Ç}¢|�|�ë n sM|�Ip�s�x k |Ku���p�£§prqRs:qruKs:vEw�x�s��r| m v mon¡m ��{ k v*�rx�Ø n s:v*s:q nÛ¥Mn¡m ��prs n�¥ Ó ¥Mn¡¥´n | k plz ¥ � � s�q k vEwr|Ks ¨ q my�£¤sMqru�sMvEwrxos:u��r| m v mon¡m ��ub},x�x m�¥ Ó$x+£Ç},|KÝ%prv*s:q n y�s´��},| mon¡¥ q k pruV},u�uKpr|�s�x�} n sM|�v m q�} m u k qFyrs´x+£Ç}¢xd¼Ý k | mdn �rv*s Ò y�},qru>prqXw k q~sMqru�sMvEwrxosÂÕ �
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��������` ab*c02"�<>"%$'.10D"%97)+*d974@,e4-)@&($'4@fW?-"hg�"%$'"H97)i*=.:,202"%jk4@6H"%lm,D&
j {:},|K�C}E|Ks:vS},|���p ¥ �Ip�£ k qR� k p�z¢} mdn },v ¥ x m�k |Ks:|bx�}0|�sM{��rs:|K{��rsOyrpRz%s:{ n sMpr|�s:q n |�},q n � � k pr|prqrsOu�prw�y m z m u mok qR��},| n¡m {Mprx m Ø:|Ks � u�},qru3��},|K{ k pr| m | Pk

n¡k p n sMq n¡m sM| � jIk%mon D ∈ Njlk%mon
Pk = {k1

D
, ..., kn

D
}
k%�

ki ∈ N s n Σn
i=1ki = D �Ö ��},��prs ai sMu n prqts:q n¡m s:|�y m z m u¡},q n D � s n x�s´z,s:{ n s:pr|·s:q n |�},q n s:u n },x k |�u  � jlk%mdn y�},qru π1, ..., πn¦ � jlk%mdn

i 6= i∗ ⇒ πj
i = ai + 1

D s n πj
i∗ = 1− Σi6=i∗(ai + 1

D
)

[@����n ��e �Rh
º k pr|>| ¥ u k pryr|�sOxos:u>{ k q2o mon u�yrsOy ¥ Ý ¥ q ¥ |Ks:uK{:s:q�{:s � Ó*{��r},��prs ¥;n },��s k qX{ k q�u n |Kp mon �









0 M2 ... 0 πj1
1 ... πl

1

M1 0 ... 0 πj1
2 ... πl

2

... ... ... ... ... ... ...
M1 M2 ... 0 πj1

n ... πl
n









k%� x�s:u n ��|�s:v m ØM|�sMu�{ k x k qrqrsMu�{ k |K|�s:uK� k qryrs:q n },pl� n �r|�sMv m s:|�uVz,s:{ n s:p�|�u3yrs Pk s n x�s:u�uKp m ¼z,}¢q n s:u3},pl�R� k%m q n u m q n | k yrp mon u�� k pr|V� k |�v*s:|Ûprq~��| m v mon�m � �� s�q k vEwr|Ks�yrs·z%s:{ n sMpr|�u3ÓEs;��},v m q�s:|Û� k pr| n | k p�z%sM|Vx�s3z%sM{ n sMpr|>|�sMq n |¡},q n sMu n }¢x k |KuÛvS} ¶ k | ¥��},|�x�s�q k vEwr|Ks0y�£ mdn¡¥ |�} n¡mok qqp n �
[@���C]���e ���Ô�í�®g�rÐ�:\���eÂ_�]BadgC���Ã¯f��eÂc�]Cg�«����+��e�� ¿ _�\�e®eÂ_I�Ã�ÔeXhj pr�r� k u k qru>x�s:u fi x m q ¥ } m |Ks:uZy�},qru>prqXz k%m u m q�},Ý%s�yrptu k pru�¼½u m v*�rxos;�ls �jlk%mon
t x�s�� k%m q n ��p m v m q m v m u�s max(f1(π)− π1, ...., fn(π)− πn) �µ x k |�u t s:u n x¸£§prq m ��prs�� k,m q nV¨ �ls0yrs f �

�������ts uq&m,r�v9:,/<>.I)@jk&�$
w q k � n�m v m u¡}¢q n x�}�|�sM{��rs:|K{��rs´yrs i∗ � ��}¢|Zprq�s·vS} n | m {Ms Ò }®z%sM{�yrp n | m u k pru�¼o¶�},{Ms:q n Õ � _ s:|�¼wÔsM| n>j {®},|��Wy�},qruxJ jrÖ µ�Ê É K#}@|�s:q�yrpRs L s:{ n¡m �Wx�}@��prsMu n¡mok qRy�£¤},�r�r| k � m vF} n¡m�k qSyrs�� k%m q n u ¨ ��sMu� k p�|�x�s:uV� k qr{ n�m�k qru�yr},qru3yrs:u>s:uK��},{Ms:u�y�s0y m v*s:qru m�k qruÛyrsOx¸£ k |�yr|Ks�yrs 20 �
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|«�Á�ÎfeÂ_
jIk vSv*s´yrsMu·{ klk |�y k q�q ¥ sMu Ä k vEwr|�sOyrs�z,s:{ n s:pr|Ku Ä k v$wr|�s�yrsO�r| m v mon�m ��u© ¦ È Ê Å  Å Ê%Ë È Ê Æ Â©  Â¹%Ë Ë É ¦¦ Å ¦,¹ È   È ¦ Æ¹ Å È Ë%Ë ¦ È%È ÆÈ Å Æ Ê È ¹,¹%Ê Å© Å  Â¹f¦,Ë È,È Å È  Å,Å ©l  © È Ë%© È Å

¾�¿ _I�À«�ÁÃ_I��]Cg �C���Vy�^ _�]C_­«C^��+�À��e ��±²� ì �®gFyb]��{zW�Ã�®�Ã���í]C_~}#¯%\r^ ±3\�Á�cI\leÂ���Ã^ _rð
jIk vSv*s´yrsMu·{ klk |�y k q�q ¥ sMu Ä k vEwr|�sOyrs�z,s:{ n s:pr|Ku n�m | ¥ u Ä k vEwr|Ks�yrsO�r| m v mdn¡m ��u  Å © È ¦  Å   Å ¦l  Å  Å  Â© È Æ,Å  Å ¦ Å É%É È¦ Å ¦ Å ¹ Å Ê¦ Å È Å ¦%¦ É È¹ Å   Å   Å ¦¹ Å ¦ Å ¹�  Æ¹ Å ¹ Å È Æ Ê¹ Å Ê Å ¹ Å%Å,ÅÈ Å   Å © ÈÈ Å È Å   Å%Å ¦È Å   Å,Å È É Ë È© Å   Å © È© Å © Å  ÂÊ Å,Æ  Å,Å%Å ¦ Å Æ È  Å,Å%Å © Å È Å,Æ  Å,Å%Å   Å,Å Ë%Ê,Ê
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�*1H� ���FAW7>DX=#PB�$D �����0=#7>=5T��0PM=F���q�;7>=Û1
jIk%m sMq n π1 = (0,M1, ....,M1), π

2 = (M2, 0,M2, ...,M2), ...., π
n = (Mn, ...,Mn, 0)

}Âz,s:{ M1 > M2 > ... > Mn > 1 Ü
u k%m s:q n πn+1, ..., πk y�},q�u3xos�u m vS�rxos;�ls Üu k%mdn A x�}�vF} n | m {:s n× k yrsOx�}E� k |�v*s Ü

A =









1 0 ... 0 a1,n+1 ... a1,k

0 1 ... 0 a2,n+1 ... a2,k

... ... ... ... ... ... ...
0 0 ... 1 an,n+1 ... an,k









s n b prqXz%s:{ n sMpr|·u n | m { n s:v*s:q n � k u mon�m � �Ñ qXuM£ m q n�¥ |Ks:u�uKsE},pXu�×lu n ØMvSs0y�£ ¥ ��p�} n�m�k q Ax = b �
� cf������e ������Þ� ä­ó;øfø�â;ý�ý�â w�},uKs·�Ã} m u¡},wrxos úIâ@ò�â3ûB�Âû;å�õ;ãFâ´å�÷�ùIå�â��Mó,ã�ô�ý�ý�â´úIâ

n
ò�÷�ý�÷�ä�ä�â�û

j1
öbæ�æ�ædö

jn
ý ô�ä�à�ó,ô�üá�â;ãFâ;ä�åbô�ä�úIà²ø�â;ä�úfó,ä�å²â�û�å²â;ý�ý�â�û$ÿ:ù»â

∀i
öZý�â�ûEà�ÿ:ù�ó,å+ô¸÷�ä�û �

Σαai,jα
bjα

= bik q n yrs:u3u k xop n¡mok qruV� k u mon¡m z%sMu �
� ¬WcI�»^ ÎI�À_V� ì�� \��:_I�	±½\��Ã�:\/y�ÁÃ_I��ð

� ô�å�÷�ùIå�â�û0ý�â�û�ûÂ÷�ý ùlåÃô¸÷�ä�û�ø�÷Âû;ô�å+ô{�,â�û0úIâ
Ax = b

�®÷�áQãFâ;ä�åZùIä'â;ä�ûÂâ;ã G ý�â G ÷�áQä�à
��ý�÷�á¡ûOô�ý�âKþ%ô�û;å²âOùIäÀâ;ä�ûÂâ;ã G ý�âÛø�áQô�ã�ô�åÃô �

πj1, ..., πjn
å�â;ýCÿ:ù�â

(j1, ..., jn
�Râ�û;åbùlä�â G ó�ûÂâ1�Mó,ô�û:ó G ý�â

º k pr|>x�}E��|�s:plz%s � z k,m |�J j {®} Ê É K �
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Ä k pru3}®z k q�u3��| ¥ uKs:q n¡¥ prqrsOv ¥Mn � k y�s�y�£Ç}¢�r�r| k � m vS} n�m�k q<y�s:u>� k,m q n u ¨ �lsMu3y�sO� k qr{ n�m�k qru{ k q n¡m q�prs:u>u�p�|3p�q~u m v*�rx�sQ��s �� }	y m^« {Mprx n�¥ {:s:q n |¡},xos@uM£¤sMu n }¢| n¡m {:prx ¥ sO},p n¡k pr|3yrs0x�}�q k,n�m�k qtyrs0��},| mon¡¥ � s n Ó*x�}*y�pr|�s n¡¥ yrpx�s:v*v*sFyrs j ��s:|Kqrs:|�Ý ¥ q ¥ |¡},x m u ¥ � w x�xosFq k pru	}­��p�},qryïvSëMvSsS�ÔsM|�v m yrs<� k pr|�q m |Eprqï},xoÝ k ¼| mon �rv*s´y ¥Mn s:|Kv m q m u n s � � k¢n s:q n�m s:xox�sMvSsMq n s;�l� k qrs:q n¡m s:x#sMq n s:v*�ru � vS} m u�}�x�} m u�u ¥ prq~{Ms:| n } m qq k vEwr|Ks�yrsO��prs:u n¡m�k qru k p�z%sM| n sMu@�
³ � }>y�pr|�s n¡¥ yrp@xos:v*vSs�y�s j �ÔsM|�qrsM|�},����},|¡} mon {Mx�} m |�s:v*s:q n sMq@y m vSsMqru mok q ¹ � Ö s:��s:q�y�},q nk q<{ k qrq�} mdn sMqr{ k |Ks´��s:pRyrs´{�� k u�sMu�u�pr|Vu�}E{ k v*�rxos;� mon�¥ y�}¢qru�x�s3{®},uÛyrs´x�}@y m v*s:qru m�k q¦ � jlk q ¥;n pry�s�s:u n },{ n¡m z,s·s n � k pr|K|¡} mdn v*s:q�s:|VÓ0y�£ ¥ z%sMq n prsMx�x�sMu k � n�m v m u�} n¡mok qru�y�},q�uÛx�s{®},u>�rx�},q �
³ � £ ¥;n },��sSy�sFy ¥ { k v*� k u mon�m�k q-yrpiu m v*�rx�sQ�lsS��prsSx�}XÝ ¥ q ¥ |¡},x m u�} n¡mok q'y�s j ��s:|Kqrs:|@�r| k ¼� k u�s�q�£§s:u n ��},u k � n�m vS},x�s �­¬ xOu�sM|¡} mdntm q n¡¥ |�s:uKu¡},q n yrs-u�s-{ k qru�},{:|Ks:|�Óïx+£ ¥;n pryrs�yrsMun | m },qrÝ,prx�} n�m�k q�u k � n�m vS},x�sMu Ò y�pS� k%m q n yrs�zIprs3y m }¢vSØ n |�s®Õ�yrp*u m v*�rxos;�ls�s:qSy m v*s:qru m�k q��prs:xo{ k qr��prs � } ¨ qSy�£ k � n¡m v m uKs:|�x�} n } m xox�sVy�s·x�}Ou n |Kpr{ n pr|�s·y�},qruBx�},��prsMx�xos�u�s3y ¥ | k prx�s3x�}vF}¢|�{��rs@yrs$y ¥ { k plz%s:| n s�yrs@u¡}<u k pru�¼½u n |�pr{ n pr|KsEu¡} n�m u��Ã} m u�},q n s � Ö sMu��Ip�s:u n�m�k q�u � }Â×%},q nx�sMpr| m q n¡¥ |�s n ��| k �r|Ks � v ¥ | mon sM|¡} m s:q n x�sMu�w m sMq��Ã} mdn u�y�£§prqrs*|¡},q�y k v m u¡} n¡m�k q`},u n pr{ m s:pruKsÝ ¥:k v ¥;n | m ��prs���prsOq k pru>q�£¤}®z k qru3��},u>| ¥ pruKu m Ó m v*� k uKs:|>},pXv k y�Ø:x�s �³ ¬ x#} ¥Mn�¥ v k q n | ¥ ��prsOx¸£¤},Ý k | mon �rvSs3y�£¤},�r�r| k � m vF} n¡m�k q<�ÔsMp n u�p m zI|�s�prqt{��rsMv m qRs;�l� k ¼qrs:q n�m s:xox�sMvSsMq n x k qrÝR}®z¢},q n yrsEy ¥ { k plzl| m |´p�qrs�u k p�u�¼²u n |Kpr{ n pr|�s�u�} n¡m uK�Ã} m u¡},q n s � Ä ¥ },qI¼v k,m qru � | m s:qFq�£¤sMu n y mdn u�p�|Vx�}$y�s:qru mon¡¥ y�s´{:sMu m qru n },qr{Ms:u � s n�m xÔq�£§s:u n ��},u�sQ��{Mx�pR��p�£§prqÝf} m q*y�s·{ k vS��x�s;� mdn¡¥ u k,monBk w n s:q�p � },pFv k%m qru�� k pr|byrs:uB{®},uB|�sMu n |�s m q n u � y�},q�uZxos3{:},yr|Ksy�£§prqrs0},q�},xd×Iu�sOs:qtv k ×,s:qrqrs �
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´¶µ¸·º¹¼»/½'¾À¿ µ[Á/Â�Ã5·DÂ\ÄÆÅºÇÉÈ�¹�Ç�ÊºÊDËDÌ'ÍÎ»/Â¼Ê¼Ï�ÐÎÃ/Ë¼Ñ7ÈÒ¾º½'½º¾ÔÓ
Õ Ð¸Ö2Ë¼×Ø·ÆÇ2ÐÎÃ'ÏÆÌ�¹¼Ù�Ë2Ç�Ê2ËÛÚkÌ¨ÜÝÐ�ÂßÞDÂDÌ[Ùáà2â\ÁÝÐÀÅDÐÎÄ2ÊÆÐ�ÂIã

´�»Dä'½º¾À¿ »ÝÐ¼å[Ù�Ë2ÅæäDÇ'Ì¸ÏDË:È çDå¸Ï�Ç¸ÄDÊ2Ëá¾º½º½º¾èÓ
é Ã�êÎÃ'Ï'Ê/Ç\×ÀÁ�å¸Ï�Ð¼Ç¸ÃëÏ�ÇæìºËÛÚkÐ�ÂDÅ�í2Ë�Ä2ÊDÂ/Ð¼åØî'ËDÇ[Ú�Ë\Ï'Ê'ï­ã

´ ·DÂ�ð/ñÆò[¿ ä\Ù2ÊÆÐºÌ¸Ï�Ç'Ìôóõã¢·DÂÀ×2Â¼×ÆÐöÚkÐ[Ï2ÊÆÐÀÇ¸Á­È¨ò¸ñºñÆò÷Óç�ÃáÏ¼Ù/ËØäDÇ[Ú'ðÆÅ¼ËÀÖÆÐ[Ï'ï§Ç\øæ·DÂ¼ÊÆÐ[Ï'ï é ÊºíÀÁºÚ�Ë�Ã'ÏÂ�Ã2×5ç\Ï¼Ù/Ë¼Ê§ê[Ã/ËÀøºøÆÐºå'Ð�Ë�Ã'Ï5·2Ê/ÇºÇ�ø�Ì(Ç�øæà'ÖÆÐ¼ÌÛÏDË�Ã�å\ËIãµ¼Ç¸Á2Ê¼Ã/Â2ÅáÇ�øáäDÇ[Ú'ðºÁ2ÏDËÀÊëÂ�Ã2×5ìÀï�Ì¸Ï/ËÛÚ§ìDå'Ð�Ë�ÃÝå\ËDÌ�Èùò¸ñ'ñÀú7È�ðáú2ñºû�Í�ü¼ý'¾Iã

´ þºÿºÿD½¼ýº¿ þDÂ��DË/Ì[Ù5ÿõã¢ÿÆÇ¸Ù2Ê2Â1È Õ ÂDÅºÅß¾'½º½¼ý Ó
Õ ËºÂDÌ2ÐÎÄÝÐÀÅ2Ð¸Ï'ï7È©ç�ð2Ï�ÐöÚ�Â2ÅDÐ[Ï'ïëÂ�Ã2× Õ Ð¸Ö2Ë¼×Ø·ÆÇ2ÐÎÃ'ÏÆÌ

´HìDå\Â����º¿ óDËÀÊÀÄ�ËÀÊ¼ÏOìDå\ÂÀÊ'ø�Óì/ê é »�µ�ã é ðºðÆÅ¨»/Â\Ï¼Ù5Ü�Ç'Åëò¸ü:ÈqÃ/ü:È ò¸ñ����:È�ð ò[ý2¾¼û�Í2ò[ýºú'ý¹¼Ù/Ë é ðºð2Ê�Ç�ÖÆÐöÚ�ÂÀÏ�ÐÀÇ¸Ã Ç\ø Õ ÐÛÖ2ËÀ×Ø·�Ç2ÐÎÃ'Ï§Ç�øáÂæä/Ç¸Ã'Ï�ÐÎÃkÐÀÇ¸Á�Ì�»/Â\ðºðÝÐÎÃ2íõã

´���Ù/Â2ÇÀ½'¾À¿ µ'ÐÎÃ2íDÂ�Ã2í	��Ù/Â2Ç�È Õ Ë\Ü'ÊÆÐ�Ë¼Ê5¾'½º½º¾èÓ¹¼Ù/Ëßà2â\ÁÝÐ¸ÜDÂ2ÅÀË�ÃÝå\ËæÄ/Ë\Ï�
/ËºË�Ã Õ Ç¸Á2Ê(àÆåºÇ¸ÃÆÇ[ÚkÐºå¨¹ºÙ/Ë2Ç�Ê2Ë�ÚÝÌæÂ�Ã2×� Ê/Ç¸Á�
DËÀÊ Õ Ð¸Ö2Ë¼×Ø·ÆÇ2ÐÎÃ'Ï(¹¼Ù/Ë2Ç\Ê2ËÛÚ
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BpB(i) =

Ui,j

Pj

æ
N â0ãFâ;ô�ý�ý�â;ùIá�á¡â;ä�úIâ;ãFâ;ä�å�ø�÷Âû�û;ôjh:ý�âÛø�÷�ùIá0ý�
 ó[�Iâ;ä�å

i
â�û;å

αi = maxj∈A
Ui,j

pj�Vk �����ml ������� ì }��6nC�B|¡Ïoc _ «�¬^a k Ï _ ÁÃ�pl k ð � ä*ó;øfø�â;ý�ý�â u k p�u�¼²Ý,|¡},�r��s ¥ Ýf},x mon¡¥ ý�â��,áKó;øqf�â � h:ô�üø�ó,á;åÃô �
G = (A,B,E)

úfó,ä�û�ý�â�ÿ:ù»â;ý
((i, j) ∈ E)⇔ (αi =

Ui,j

pj
)

¹ Æ



Ù aI�i�raR�
�>÷�ùláOùIäV�,â�ò;å�â;ùIá@úIâVø�áQô þ-TCþlàW�� äFø�â;ùIåVúIà;å²â;áQã�ô�ä�â;á0ÿ:ùró,ä�ú*ý�â�û�ø�á;ô þSä�â;å+å²÷�ô¸â;ä�åZý�â0ã*ó,á¡ògf�àâ;ä'â�ß´â�ò;åÃùró,ä�åBùIäÀò�ó,ý�ò;ùlýWúIâts>÷�å�û

d
ÑiuEv ¶xwCy{z-|³ y u |/}-w�y�~-�J| s |JzXy uE� y���z-} t v yE}xwCy�}>ÝC~ v���� |/�:Ý v�� ��z��³�� |"} v ~KëJz-|"} s→ j wC� j ∈ A � |Jz � |/� v��qv �J��z�� pj� � |"} v ~KëJz-|"} i→ t wC� i ∈ B � |Jz � |�� v��qv �J��z-� mi� � |"} v ~KëJz-|"} j → i wC� j ∈ A � i ∈ B |Tz � |/� v��qv �"��z-� ∞Ñ�uEvHv�� w�~-}8y u oqw�zX~x| � ~x�"}-| u z v�u z�y u z-~ v�u }x�p|"~�z ��� v ~�ÝC| u z Ü w��Ey u |/y u ��z-� �qv }-}x| �qv ~ j → i

|"}xzX�J��y{��� v�� | u z�|0Ó�y u |/y u ��z�� � � � | u }-�J| �qv ~ j � wCy{~ i ��¬ � |"}�z v�� wC~x}�� ��v ��~4��y{|� |/� v ~-� � �/|J}xz u |Jz ⇔ � |�o�w�zQ� v �:� v y{z Σmi

b∇

Ñiu � v � �J�"~x��~-|�y u�v�� ÝCwC~-��z � �H|X��y{�^�JwC�H��| u �"| v �C|J� � |J} � |Jz-��z-} � ~-� �V|Jz � |J} v yrÝC�H| u z-|� ~-w%Ý�~-|"}x}-���C|"�H| u zX| u �"w u }-|J~x� v�u z � |"yl�E� u � v ~x� v�u z-}i���� ] wCy�z�|J}xzQ�C| u � y Ò ��y���zxz�|0Ó��"|/��y�| � |"} v � � |Jz-|"y�~x}��Jw u }-|J~x��| u ziy u }-y{~ ��� y�}�Õ� �
{s} |J}xzXy u | s− t �JwCy � |��H� u ��� v�� |

� n¡l ] ~-wCy{��|"~ � |"} � ~x�d�¢z�| � }Q��y{| V − {t} }xwC��z v y�}-}x�^y u | s− t �"wCy � |/��� u ��� v�� | �w u | L |Tz � �£v }x|"�Jw u � |��JwCy � |`�"wC~x~-|J} � w u � v yl� � � � | u }-|J}�|Tz � � �MÝ v�� ��z�� � |J}i� v1� |"y{~-} � |doqw�z-}v }-}xy�~-| Ò ��v ~ � | � |J~ u ��|"~�| u � v � ~x�ÂÕ���y�| � |�� v ~-� � �/|J}xz u |Jz �Ñ�u � vHv yrÝC�H| u z�|J~ � |J} � ~-�d� � w�y�~8� v ��~x|¤z�| u � ~x| � |"}�}-y{~ ��� y�}��C|"~x} Ål�

FHG�� ¥6U¦RT]¡R ���TRJS���]¡RB�`U §¦NQS\¨VLORv�
�ª© wCy{~ ¬�«�� w u �"wC�H��| u �"|/¬`­���|J~ � ∀j ∈ A, pj = 1

n�ª© wCy{~ ¬g®�� }-��¯ u � v��qv } �°� v � � |Jz�|Jy�~ � w u � v1� �"y � | ∀i αi = maxj∈A
Ui,j

pj±iu � v ��z�| u }-y���z�| pj ← maxi∈B
Ui,j

αi

FHG�² ³µ´¦¶YP NQU�]��/]¡RB�·U §¦NQS¸¨¦L�Rv�

±�u � v � v ��~x|i¹ v ��}-}-|J~ � |"}�}xy�~ �{� y�}·ºj| u � v � u z-| uqv1u z � |"} v ~KëJz-|"} � y»}xwCy�}½¼¿¾C~ v���� |/�"¾ v�� ��z���À�Á �

ÂCÃ



Ä � � v�u }QÀÅw uVv
¯

↗

�
↘

,
v�� wC~x} Ui,j

pi
=

Ui,k

αk
|Tz � w u � � |Q� v �Jz-|"y�~ pk

pj
=

Ui,k

Ui,j
|J}xz�� u � �qv�u ¾��

�qv ~�y u |/�`y � z�� ��� ��� v z-��w u � |J} � ~x�d� �qv ~�y u � v �Jz-|"y�~Q�Jw u }xz v�u z �±�u � v � w u �Æ�`y � z�� ��� ��|"~Qz�wCy{} � |"} � ~x�d� �qv ~�y u � v �Jz-|"y�~�� � |Tz·�Jw u }x� � �J~-|"~ � |"}��J��Ç u |J��| u z�}}-y���� v1u z-}
È z6É�Ê¡a�Ëra�ÊÌlHÍ¡aÎlÐÏÒÑba �ÔÓ w u ����w � | I2�ÖÕ |JzX�J��Ç u |J��| u z v ~x~-���C| � wC~x}-��y � y u | v y{z-~-| s− t �JwCy � |��H� u ��� v�� | v����qv ~ v ��z �¬ � �"~x�"|�y u }-�"� uqv ~x��wÆ� � � v���� wCy�~�y u»v � � |Tz�|Jy�~ �� G ~x� � y���zX¬H�J|Jzxz�| u wCy{��| ��� |��"w�y � | � wC}-}xÇ � |�y u � v ~-� � � u |Tz� ±iu ¾�Ç � | v1� wC~x}��"|Jzxz�| �qv ~�z���| � |·À �±�uEv � w u � � v1u } G � |J}�}xwC���H|Jz-} v �Jz-���p}�|Tz � |"}X}-wC�H�H|Jz�}�¾�| � �J}
È z6É�Ê¡a�Ëra�ÊÌlHÍ¡aÎlÐÏÒÑba �×Ó
¬ �¡v����qv ~ v ��z8y u | u wCy{��| ��� | v ~KëJz�| � v1u } G ��� y uÎv � � |Jz-|"y�~ v �Jz-���O¬Æy u ¹{��| u ¾C| � ���qw u � �J¾CÇ � |�£v �"w�� � wC} v1u z-| � y»¹{��| u ¾C| � � �
ØHn¡lÚÙÜÛjÝ`a�l¢Ê¡Þql _ leÙpÞ6ÊOÝ
© wCy�~ S ⊂ A � w uEu w�z-| Γ(S) = {i ∈ B|∃j ∈ S : (i, j) ∈ E} �±�uVu w1z�|"~ v � � wCy�~ A′ ⊂ A ºp~-|"} � � B′ ⊂ B Á p(A′) = Σj∈A′pj º�~-|J} � � m(B′) = Σi∈B′mi Á �
ß a�ËàËraÎá

I2 ⇔ (∀S ∈ A, p(S) ≤ m(Γ(S)))Ä y ��� wC}-w u }���y�|/�`y � z�� ��� ��|"~ � |"} � ~x�d� �qv ~ x∗ � ~-wÚ�Cw���y�|/y u | v y{z�~x|��"wCy � |/�H� u ��� v�� | �
∀x > x∗ � �`y � z-� ��� ��|J~ � |"} � ~-� � ��v ~C�`��� ��� ����y{|t����w � |J~ ¬�«�� �qv ~ � | � |"�H��| � ~-�J�"� � | u z � ∃S ⊂ A

z�| � ��y�| x∗p(S) = m(Γ(S)) �±�uEv��{� | ��� |J~ v y u | u }-|"�Y¹ � | S ��y��Ò���"~-��­q|/�"|Tz-z�|/�J¾ v�� ��z��iy u â;ä�ûÂâ;ãHh:ý�â´å�â;ä�ú,ù
âVk lÚa�cãËàÙjÊ^a�cHÛ½ä _ cãcãÙ{z k a»Í¡a�Ý k z6É�Ê¡a�Ëra�ÊÌleÝ
ß a�ËàËra ��å

N óX��ó,ý�â;ùIáÛø�÷�ùIá0ýdófÿ:ù�â;ý�ý�âOùIäÀàB�,õ;ä�â;ãFâ;ä�åZúIâOå���ø�âdZRó,áQáQô{�,âVø�â;ùlå�æ;åÃá�â$úIà;å²â;áQã�ô�ä�à�âó\�,â�ò
n

ò�ó,ý�ò;ùIýÇû@úIâts3÷�å�û0ã*ó®þ
d © wCy�~ A |Jz B v �Jz-���p} � w u �C|Jy{z � �Jz�|J~-�H� u |J~ x∗ = min∅6=S⊂A

m(Γ(S))
p(S) º v zxz�|J� u z � w�y�~ S∗ Á �w u �"wC�H�H| u � v�u z v �C|J� x = m(B)

p(A)
≥ x∗ � w u � v�� �"y �¡� |�o�w�z¤� v � � wCy�~ � |"} � ~-� �V�`y � z�� ��� ���"}�qv ~ x � ç |Jyl�E� v } � |"y{��| u z v1� wC~x}8}-| � ~-w � y���~-|`�� Ä wC��z {s} |J}xzXy u |��"w�y � |/�H� u � |JzXw uEvÆv�� wC~-} x∗ = x� Ä wC��z {s} ∪ A1 ∪ B1 |"}xz¢y u |»�"wCy � |Î�H� u � |Jz�w u@� |"y{z v�� w�~-}H~-|"�JwC�H��| u �"|J~ v �C|J�

(A1,Γ(A1))
b∇

ç�è



éYÞoceÞ6ÛÜÛ _ ÙpceaEê � äFø�â;ùlåÛúIà;å�â;áQã�ô�ä�â;á�ý�âEò�ó�ûdZRâ;ä
n

ò�ó,ý�ò;ùIýÇû@úIâts3÷�å�û0ã*ó®þ

d Õ �qv ��y�|�| u z�~x�"| � v�u } � |Æ� v } « � ~-�J�"� � | u z � ~xwe��w���y�| �£v }-w�~xz���| �°� y urv � � |Tz�|"y{~ � | � � | u ¼}-|"�Y¹ � | A′ �Jw u }x� � �J~-� �
b∇

ß a�ËàËra �o�
�3÷�ùIá

S
å�â;ä�ú,ùfö

j ∈ S
öÛâ;å

u = maxi,jUi,j

öúIà;ä�÷�ã�ô�ä�ó,å�â;ùIá �
pj

�
≤ n un = ∆

FHGìë í(U ���T¶���LORT]^îVP N
¬ u ��z�� v�� ��} v z-��w u � |J} � ~x�d�¤ï

(F, F ′)← (∅, ∅) ºj¾C~ v���� |�¾C| � � ÁÌï
(H,H ′)← (A,B) ºp¾C~ v��{� | v �Jz-����ÁÌï] v�u zX��y�| H 6= ∅
{v y�¾C�H| u z�|J~ � |J} � ~-�d��� ∀j ∈ H, pj ← pjx ¯xy�}x��y � ¬Æ�J|/��y{|® � Ä � |T����| u{u |�z-| u � y© v }x}-|"~ (S,Γ(n))

� | H,H ′ ¬EºÜ. � . � Á0 |Tz���~x|"~ � |"}�}-w����H|Jz-} �qv }-}x|"~ (S,Γ(n))
� | H,H ′ ¬»ºÜ. � . � Á« � © wCy�~ i ∈ H ′ � j ∈ F � αi =

Ui,j

pjð ¯xwCy{z-|"~�ºp� � ¯�Á8¬ w �© v }x}-|"~ �£v �JwC� � wC} v�u z�|/�"w u�u |;��|��"w u z-| uqv�u zb¯ � | F, F ′ ¬ H,H ′

}0 |Tz�wCy�~ u |"~ (pj)j∈A

ç ®



ñóòmô�õÌö ��® �V© ~x|"�H��Ç"~x|��Jz v�� | � | � � � u ��z-� v�� ��} v z���w u
���Csc�x÷ ø�EG&F<§*-6H&

Ä y ��� wC}-w u }���y�| � |J}Qy{z�� � ��z-�"}4}-wC��| u z � w u�u �J|"} �qv ~




10 5 2
15 10 5
5 4 20





|Jz � |J}�� v�� ��z v yI�¦� u ��z�� v yl� �qv ~ (100, 200, 100)

� Ê^ÙplÚÙ _ ÛjÙjÝ _ leÙpÞ6ÊùÍ^a�ÝÆÑOcãÙmú
] wCy{} � |"} � ~x�d�V}xw u zX� u ��z�� v1� |"�H| u zó­����"}�¬ 1

3

�£v ­�¾Cy�~-| ö ��® �
Õ w����H| �£v � v ~-� ��v�u � ��}-| A2

u � vH��v } ��� v � � |Jz-|"y�~ � w u �Hw � ��­q|i}xw uE� ~-� �û�
α1 = max3

j=1
U1,j

pj
= max(10× 3, 5× 3, 2× 3) = 30 �

α2 = max3
j=1

U2,j

pj
= 45 � α3 = max3

j=1
U3,j

pj
= 60±�u � v ��z v�� wC~-} p2 ← max3

i=1
Ui,2

αi
= max( 5

30
, 10

45
, 4

60
) = 2

9±�u wC¹�z���| u z v1� wC~x} �£v ­q¾�y�~-| ö �ü«
ý cea�ËàÙpÉ�cea _ n¡þ6Ëra�ÊÌl _ leÙpÞ6Ê@Í¡a�ÝÆÑ^c1Ùmú

© wCy�~ A = {A1, A2, A3} |Jz B = {B1, B2, B3} � � v�� �"y � w u } m(B)
p(A)

= 400
8
9

= 450 �w u �`y � z�� ��� � v�u z4z-wCy�} � |J} � ~-� � �qv ~ 450 � w u w�¹{z���| u z �£v ­q¾�y�~-| ö � Â� | oqw1z�wC¹{z-| u yÿ|"}xz 100 + 100 + 1550 = 350 |Jz/y u |��"wCy � |��H|Jzxz v�u z � |��Jw�z�� A3 |Tz
B3

v �J|Jz-z-|/���J��|i� v�� |"y�~��qw u � v }-|�~-|J}xz�~x|"� u � ~-| v�� wC~-}Q¬ ��v ­q¾Cy�~x| ö � ç �© wCy�~ A = {A1, A2} |Tz B = {B1, B2} � w u � v�� �Jy � |/¬ u wCy��C| v y m(B)
p(A)

= 540 �w u �`y � z�� ��� � v�u z4z-wCy�} � |J} � ~-� � �qv ~ 540 � w u w�¹{z���| u z �£v ­q¾�y�~-| ö � ö

ç «



ñ4òmô�õÌö �ü« � ­ u � | � � � u ��z�� v�� ��} v z-��w u � |J} � ~-� �

ñ4òmô�õÌö � Â �:© ~-|J����|"~�� v1� �"y � � |xoqw�z

ñ4òmô�õ6ö � ç � Ä |J�"w u � � v1� �"y � � |xoqw�z

ç Â



ñ4òmô�õÌö � ö � .�� u � | ��v`� ~-|J����Ç"~x|��Jz v1� |

ñ4òmô�õÌö ��� �:© ~-|J����|"~-} Ä wC���H|Jz-}�¾C| � �"}
� |coqw�z4� v�� �"y � �X|J}xz v�� wC~x} � | 300 |Tz w u |"}�z � v1u } � |"}ó�"w u � ��z���w u } � w�y�~4¾�| � |J~ A1, A2, B1|Jz B2 |JzQwC¹{z-| u ��~ �£v ­q¾Cy{~-| ö � ö

È z6É�Ê¡a�Ëra�ÊÌleÝÆÍ¡a»lÐÏÒÑba �
3¤�"~x��­qw u }X��y v1u � � |"}��T�CÇ u |"�H| u z�} � |�z�� � | « v ~-~-���C| u z��� u | v ~��Tz�| v����qv ~ v ��z � | B3 ¬ A1

� wCy�~ 60
x2

= 1
30 wCy � wCy�~ 60

x2
= 1

36

�°� wC� x2 = 1800 |Jz¤�"|u � |J}xz �qv } � � �T�CÇ u |"�H| u z¤��y���� vÆv�����v ~ v ��z�~x|�| uE� ~-|J����|"~ � w u | L |Jz �o�d�
â a�nÒú¡ÙpÉ�ËÔa _ n¡þ6Ëra�ÊÌl _ lÚÙjÞ6Ê@Í¡a�ÝHÑ^cãÙpú

© wCy�~ A = {A3} |Tz B = {B3} � m(B)
p(A)

= 300 �� |b¾�~ v���� |bwC¹{z�| u y·|J}xz¡�"| � y�� � | �£v ­q¾Cy{~-| ö ��� |Jz¡w u |"}�z � v�u } � |�� v } ��� v ~x~��Jz � | � � v�� ¾Cw�~-��z � �H|ó�� |"} � ~-�d�Î­����"} v�� wC~-} (p1 = 180, p2 = 120, p3 = 100) �"wC~x~-|J} � w u � | u z v yl�û} � �"�"��­q� v z���w u }~-|"� � |"~-� � �"|"}

çCç



ñóòmô�õÌö ��	 � � |J} � ~-�d�:w � z-��� v yl�
FHG-F 
ÅN8L�S ´VU¦N ��¨V¨¦L��G�:RJP ��]¡R �·U ¨V�W���¢Uq�·P R ���TN

Ä wC��z ε > 0

®%� ∀S ⊂ H,m(Γ(s)) ≤ p(S) + ε

«l� ∀S v ¯xw�y{z�� �£v`��v ~xz-��|�¾C| � �"| � yV¾C~ v���� |Æ� m(Γ(s)) ≤ p(S) + |S|ε±�u ~x|"� v ~-��y�|/��y�|
®%� � y v�u � y u �J��Ç u |J��| u z � |�z�� � | ® v ~-~x����| � � |=o�w�z�z�w�z v��ÒvÆv y�¾���| u z-� � | ε
«l� � y v�u � � � v�� ¾CwC~-��z � �H|Qz�|"~x��� u | � � |�}-y{~ ��� y�}Q|"}xzX� u �p�"~x��|"y{~�¬ nεÂ � w u �JwC���H| u � v�u zX¬ ε = m(B)

2ç � ð � ~xÇ"} i �;���"�Jy{z���w u } � � |�}-y�~ ��� y{}X|J}xz � w u ��� u �p�"~x��|Jy�~�¬ m(B)
2iö � ð � ~xÇ"} O(log(m(B)∆2)) ��z��J~ v z-��w u } � � |�}-y�~ ��� y�}Q|J}xzX� u �p�J~-��|"y�~�¬ 1

∆2

��� w u ­ u � v�� ~-Ç"}Q�J|"}Xw � �J~ v z-��w u } �o�d�
��
 k ÞoceÉ�Ëraûá

N 
 ó,ý �I÷��Qô��pf����0ú����������²÷Û�%ó[���0ú,ù��*ó��¡ògf�� �²÷�ù!�����"���#������ø�û
O(m(B).∆2.n2.Mf )÷�$

Mf

ú���û;ô^������ý%��������ø�û@ú���ò�ó,ý�ò;ùlý#ú�
 ù!�`s>÷��&�*ó®þ('

d © w�y�~Qy u | � ~-|Jy{�C| ��� y�} � �Jz v � ��� �"| � ��wC��~�J*) © * è Â K �
b∇

ç ö



� ���O��������� +

, 
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3 wCy�}X}-wC�H�H|"}�� v � u z�| uqv�u z � v�u } � |�� v � ~x|·wC� u wCy{} v ��w u } n z�� � |"} � |·� v ~x� �qv�u � ��}-|J}|Jz m v �Jz�|Jy�~-} � 3 wCy�} v � w � z-w u }¢y u |Î�pwC~x� v�� ��} v z���w u � ¬ �£v * v�� ~ v } � � ��v �Jz-|"y�~H� � wC}x}-Ç � |y u | � w�z v z���w u � u ��z�� v�� | ei ºjy u |/�Jw�wC~ � w u�u �"| �qv ~�� v ~-� ��v�u � ��}-|ÚÁ � |JzXy u |/�pw u �Jz-��w u ��� y{z-� � ��z��
ai = (a1,i, ..., an,i) � ��y��Ò�JwC� � wC}x|�y u |/�"w � w u�u | � | ��v n×m � v z-~-���J| A �
� |J}¢� � �"|J} � |E�"|»� �qv�� ��z�~-| � � ~-� u �"� ��v�� |J��| u zÆ� u } � ��~-�J|"} � | J*4 Õ65 3 è�ç K � ����}x| u z¦¬ ~-� � y���~x|� | � ~xwC¹ � ÇJ��| � | � ~-�d��| u �"��y�� � ��¹�~x|�¬Vy uÔ� ~-wC¹ � Ç"�H| ��� w � z�������} v z-��w uÎv }-}x��}�z��"| �qv ~ ��v¦� ~-w1¼¾C~ v �H� v z���w u �Jw u �C|;��| �
±�u }x|"~ v�v �H| u �b¬O¯xy�}xz-��­q|J~��"|Tz-z�|twC~x��| u z v z���w u ��� v���� ~-w®����� v z���w u | u � �T�CwC� �£v�u zÒ� � y u |;��|"� ��� |}-��� ��� | � |Jy{zX�"w u � y���~x|/¬ � |"} � ~-� �¦w � z���� v yl�¢|Jz �qv1u ��|J~-}�~-|J�"y�}X��~x~ v z-��w u{u | � } �¬ � }-|�z�~xwCy{��|·��y�| �£v`u w�z���w u ��� | u }x|"�`¹ � |�z�| u � y � y»}xwCy�}�¼ì¾C~ v1��� |/�"¾ v1� ��z-� � �T�C| � w ��� �"| � v�u }� |ó� v } � |"}�y�z�� � ��z-�"} � � u � v ��~-|J}^}x| ¾C� u �"~ v�� ��}-| � v�u } � |ó� v } � |"}��pw u �Jz-��w u } Õ w Ä |Jz � |"}��pw u �Jz-��w u }}-� v1�£v ��~-|"} � � L �"~x| u z�� v ¹ � |"} � ±iu wC¹{z-��| u z v1� wC~x} y u |�|Q��z�| u z-��w u¦� w � � u w���� v�� | � wCy�~ � � v��{� ~-w®����¼� v z-��w u � | � ~x�d�r| u �J��y{� � ��¹�~-| ��� ð ~-~xw878¼9)¤|J¹�~-|Jy � v�u }�y u |��pwC~-� v�� ��} v z-��w uÿ��� y�}`¾C� u �"~ v�� |��y{| ��v �C|J~-}-��w u;:½� ~xw � y{�Jz�|Jy�~-}½¼¿�Jw u }-w���� v z�|Jy�~-}9< � ~x�"�J� � | u z-| � |Jz v �C|J�·y u |�� v ��� ��� | �°� y{z-� � ��¼z��"} � � ��z-|"} � | � |"w u z-��|J� ��� y�}�¾C� u �"~ v1� |/��y�| � |"}�y�z�� � ��z-�"} � � u � v ��~x|"} �

�¢GJI = N ¨¦LÉ�W�q��>QP N ? K
±iuE� w�}-| q = (q1, ..., qn) wC� qj |"}�z ��v ��y v�u z���z-�/� u ��z�� v1� | � | �£v � v ~-� �qv1u � ��}x| j �|Jz π = (π1, ..., πm) ��y��¡} � � u z-|"~ � ~-ÇJz-|/�"wC�H��|�y u ��|"�Jz-|"y�~ � | � ~x�d�û�âVkA@ ÊOÙmleÙpÞ6Ê@á2B ß a»ÑOceÞÆy�ÛpÉ�Ëra é ý"C

DFEHGJI��"I%K8���
(πe1

1 ∗ π
e2
2 ∗ ... ∗ π

em
m )

1
ΣieiLNM�O K P%�QK"R M �TS�I��UI M �VK�W

∀1 ≤ j ≤ n X Σ1≤i≤naj,iπi ≤ qj���
∀1 ≤ i ≤ m X πi ≥ 0
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7 a�Ë _ c�Y�n^a Ó ±�uE� |"y{zX~-�J�"�J~-��~x| �£v�� ~x|"�H��Ç"~x|��"w u � ��z-��w u �JwC���H| Aπ ≤ q �
Õ �qv ��y�|�� v ~x� �qv�u � ��}-|Hºü¯�Á |"}�z v }-}-w��"���"|�¬ �£v �"w u z-~ v � u z�| Σm

i=1aj,iπi ≤ qj �© wC}xw u } Gt = {j|Σm
i=1ai,jπi = qj} ��y��^|"}�z � |�}xwCy�}½¼¿| u }-|"�Y¹ � | � |"}�� v ~x� �qv�u � ��}-|J}�z-| u � y{|"}� wCy{~ π ïq|Jz � w�}-w u } Gt

� |"}�� v ~-� ��v�u � ��}-|"}Q~x|"}xz v�u z�|J} �
ý ceÞoÑbÞÌÝ"ÙpleÙpÞ6Ê Ó Ä wC��z j y u |:� v ~x� �qv�u � ��}-|:��y�| � ��y�w u ��y{| � | Gt � v�� wC~-}·w uà� |"y{z � y��v }-}xw��J��|"~�y u γj ≥ 0 z-| � ��y�|

∀1 ≤ i ≤ m,Σj∈Gtγjπjaj,i = ei �
7 a�Ë _ c�Y�n^a Ó Õ � |"}xz �£v ���J��|Q� � w�}-|i��y�| � |Qz � �JwC~-ÇJ��| ��� |;����}�z�| u �"| � | � wC� u zó}xz v z���w u ¼uqv ��~x| u �"�J|"}x} v ��~-|"�H| u zXw � z-��� v�� � | 5 y �{u |Tz[Z^~-y{�g,�|"~ �

\^]�÷_]x÷ ø;`badcfehgia
Ä y ��� wC}-w u }���y�| � | ��v�u ��|J~�~-|J�"y xi = (x1,i, ..., xn,i)� y�� � ~-w��"y�~x| � |i�"w u z-| u z�|J��| u z ui(xi) = min1≤j≤n

xj,i

aj,i
�±�u ~ v���� | ��� |/��y�| � � w uE�qv ~ � |J~ v �°� y uû� ~-�d� π | u �J��y{� � ��¹�~-|�º � wCy{~ xi

� | ��v�u ��|J~ � | � � v �Jz-|"y�~�mÁ4}x� � 4 w u�� |"y�~x}Xw � z���� v yI��� ∀i � xi � v �����H��}x| ui(yi) }-wCy�} �£v �Jw u z�~ v � u z�| πTyi ≤ ei� 9 v ~x� � � u |Jz�� ∀j � σm
i=1xj,i = qi) v�u } u w�z�~x|�|;��|"� ��� | �°� y{z-� � ��z�� � w uÎv ui(xi) = ei

πT ai
|Jz πTxi = ei �

j�
 k ÞoceÉ�Ëra ��å BÐØÆÑ¡leÙÜË _ ÛÜÙml k Í _ Ê^Ý�kCalk _ ÝHÑ _ cÚleÙUk�nOÛjÙja�c C
m M�O �nS��QK

ai X ei X qj R M �"���6oT�p�QRQ��S����"������� X π ��� xi

���q��r O I�PsIjht�p�t'LNM I��
βi = min1≤j≤n

xj,i

aj,i

P�u O �UI�PsI��9��v�P�uw��r O I�PsIjht�p�
x P M �pK

β = (β1, ..., βm)
�QK�� O ���yK M P O �UI M � M oT�UI��zE�P%�nE O oT� M htP%{����}|~m�'

�¢G�� = N ¨¦L~�n����>QP N���� ³��
3 wCy�} v���� w u } � ~-w � wC}x|"~¡y u |b�C|J~-}x��w u � y � ~-wC¹ � Ç"�H|�}xwCy�}¡�pwC~-�H| � |t�"w u z-~ v � u z�|"}¡�Jw u �C|;��|J} �

âVkA@ ÊOÙmleÙpÞ6Ê ��å B ß a�Ñ^ceÞT�OÛpÉ�ËÔa�� Èy����C���Yh O ���QK��6S�� �U� M�O!� ���
β1, ..., βm

���
π1, ...πn

����P�K�r O ��W
� '
∀1 ≤ j ≤ n X Σ1≤i≤nβiaj,i ≤ qj

'
� '
∀1 ≤ i ≤ m X βiΣ1≤j≤nπjaj,i ≥ ei

'
� '

Σjπjqj = σiei

'
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� '
∀1 ≤ j ≤ n X πj ≥ 0� '
∀1 ≤ i ≤ m X βi ≥ 0

j�
 k ÞoceÉ�Ëra �o� BÐØÆÑ¡leÙÜË _ ÛÜÙml k Í _ Ê^Ý�kCalk _ ÝHÑ _ cÚleÙUk�nOÛjÙja�c C
m M�O � P%�QK"R M ������E�I������QK6oT�p�QRQ��S������9�QKhK O � P�E^� M �����nS��QK O ��I�PsI����QK XM ��E O ���·htI �H�QR��UI M �q�������p� O ���yK M P O �UI M � M oT�UI��zE�P%�nS��y� � x L ��� O �¡��r O I�PsIjht�Q�t'

�¢G�² ¢�£QZ NQS¡SÒRT]d£�§¦N/�A¤9¥/¨V¨VL~�^¦¢RJP ¥/]¡R��YU
3 wCy�} v1��� w u } � �J��wC� � |"~¢y u | � ������z�|¢z � �"w�~-����y�|Î}-��� ��� |E��y��b¯xy�}xz-��­q|»| u ¾C~ v�u � | �qv ~�z���|�£vûu �"�J|"}x}-��z-� � | � � v��{� ~-w®����� v z���w u � v1u } � |V� v�� �"y � �°� �J��y{� � ��¹�~-| � �z�"�H| � wCy{~ � |"}Hy{z�� � ��z-�"}}-��� ��� |"}8�JwC���H|��"| ��� |"} � �J�"~-��z�|J} � v�u } � � |;��|"� ��� | � | �£v }-|J�Jz-��w u }-y�~ � | � ~-wC¹ � Ç"�H| Õ8© �

© ~x| u w u } ��v }-��z�y v z���w u wCy¦w uEv « � v ~x� �qv�u � ��}-|J} � Â v � � |Jz�|Jy�~-}Q|Tz � |"} � w u�u �J|"}�� u ��z-� v�� |"}}-y���� v1u z-|"}/� q1 = q2 = 3 � e1 = e2 = e3 = 1 � a1 = (1, 1
2
) � a2 = (1

2
, 1) � a3 = (1

4
, 1

5
) �

3tyE�"w����H|iy uE� ~-w�¹ � ÇJ��| Õ8© � w uV� |Jy{zX}-|�~-� � y���~x|/¬V�9 v �����H��}x|"~ (β1 ∗ β2 ∗ β3)
1
3 }xw u z � |"}��Jw u z�~ v � u z�|J}��

®%� β1 + β2

2
+ β3

4
≤ 3

«l� β1

2
+ β2 + β3

5
≤ 3Â � ∀1 ≤ i ≤ 3 � βi ≥ 0� v }-w � y{z-��w u w � z���� v�� | � wCy�~��"| � ~xwC¹ � ÇJ��|¤|"}xz

β1 = 2√
3
� β2 = 1 + 1√

3 |Jz β3 = 10− 10√
3|JzX�"| �£v ��� ��� ����y�|¤��y�| � |J} � ~-� �¦|Jz � |"} �qv�u ��|"~x}Q�"w u z���| u�u | u z � |"}X� � �"�H| u z�}���~-~ v z���w u�u | � } �

�¢Gìë §¨£QU©£8L ¥ �JRJSd¥/]¡R��·U ª��TN�¨¦L~�n����>QP N ? K«§
© wCy�~ xj,i

��v ��y v�u z-��z�� � | ��v � v ~-� ��v�u � ��}-| j � v1u } � | �qv1u ��|J~ (xi = (x1,i, ..., xn,i))
� |¤� �

âVkA@ ÊOÙmleÙpÞ6Ê �o� B ß a�Ñ^ceÞT�OÛpÉ�ËÔaÿé ý"¬�C
���Yh O ���QK��6S�� �zEHGJI��"I%K8���

(Πm
i=1((ui(xi))

e
i )

1
e1+...+en

K M�O K�P%�QK"R M ���U��E�I������QKnW
� '
∀1 ≤ j ≤ n X Σ1≤i≤nxj,i ≤ qj

'
� '
∀1 ≤ j ≤ n X 1 ≤ i ≤ m X xj,i ≥ 0

� wC~x}-��y�| � |J} ui }-w u zó}-y �{� wC}x�"|J} �"w u � v �C|J} � �£v �pw u �Jz-��w u wC¹�¯x|"�Jz-���Ì|"}�z4| ��� | v y�}x}-�o�"w u � v �C| �w u }-|�~-� � y���z v�� wC~-}8¬Hy uV� ~xwC¹ � Ç"�H| � | � ~-wC¾�~ v �H� v z���w u �"w u ��|;��| �

çA­
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Ä � � |"} ui } v z���}x�pw u z � |"} � � � w8� � ÇJ}-|"}¤}-y ���{� �"�H| u z v ��~x|"}º6°�4 Õ65 3[± � w u�u | �qv ~X|Q��|"� ��� | ��v �Jw u � ��z���w u }-yV²H} v�u z�|H�^º Hu � Σn
j=1xj,i

∂ui

∂xj,i
= ui(xi) � Á �v�� wC~x} � |�}i��}xz�ÇJ��|�|"}�zX}-w � � v ¹ � | � w � � u w���� v�� |J��| u z �qv ~ � � | ��� � � }xw�³ � | v�� ¾�wC~-��z � �H| �

âVkA@ ÊOÙmleÙpÞ6Ê ��� B��ÒÞ6Ê�k�leÙjÞ6Ê^Ý�Íóä�nÒleÙjÛÜÙml k é Èn�~CLNM I��
σ
O ���"R M �VK��´E����9��S�uw��P�E�K���I´R�I����nS��yK O h�K���I�� O �UI M ����QK � M ��R���I M �VKnS�u O �UI�PsI��9��|~� L K M ���&S���P�E^� M ������W

u(z1, ..., zn) = (Σn
j=1α

1
σ

j z
σ−1

σ

j )
σ

σ−1
'

j�
 k ÞoceÉ�Ëra ��� BÐé _ Í^cea#kCÞ6n¶µ6a�cÚlHÑ _ c;kCa�Ý}·ìÞ6Ê~k�leÙpÞ6ÊOÝ C
¸ M�O ���¹� M ��R��UI M �FS�u O �UI�PsI����yK8R�E�P�E�I��Q��S�I º»���Q�����UIUE�htP%�¼ P%�QK_� M ��R���I M �VK»PsI�����E�I��Q�QK�����K M ��� O �¡R�E�K6oVE����UI´R O PsI´���¾½�'� ����I ¿6�����ÀP�u f�ÁQo M �mf�{QK8�

Hu

éYÞoceÞ6ÛÜÛ _ Ùpcea�Â
� u E�oAoT� M GJI��zE��UI M �#S�u O �¡��r O I�PsIjht�p�6o M�O �nS��QK¹� M ��R���I M �VK�S�u O �UI�PsI��9��|~� L �QK��ÃS M ��R�p��E�PsI%KtE�htP%�n���#�9���ho�K6o M PsÁ�� M �"IUE�P!oVE��yP�uw��P�PsI�o�K M�Ä S�� E�P*Å M ��I��mf����t'
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Ò Ð2Î�Ó Ô�ÕÖÐ 1_×ØÎ�Ù ÈfÚ¶Ë¶Ó©ÈÛÍ�ËN×ÜÕ ÝfÞ2ÕÖÞ2Î�ÈfÚNÐ ÐßÍ
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ä»åFæ�çVèJéVêpë"ì�æ�íîå(ê�ëtå�æïå(êhðñåñëóòôèJõ�ì�æïö%í%÷�æïêpíîèJå�:iø�ö%æ�ù¡æ�ö%õ�æ�÷ <pú æHûJë®ü n ì�æïõ�üQý�æ�åVçñí%÷�ët÷»ë�ê
m
æ�þJë®åAêp÷}ë®êzèJåÿéñõ�èJé è�÷�ë�ðñå�üHæ�çñõ�ë�þ � å � õpæ�ö�çñæ�åñ÷}ö%ë���ðVëtö�èJåÿéTëtðVêzëtåVütèJõ�ë�æïéñéñõ�è � í%ìzëtõö%ët÷�éñõ�í � ëtå � �(ðñí%öîí��ñõ�ë ��� åáë�� ë®ê ú ü®ët÷néñõ�í � éTëtð!ûJëtåAê
	�êpõ�ë�û�ð ú ë®êóü®ë�÷�ëtõpæ�ö%ë}êpý��®ì�ë�çñë�ü®ëüQý�æ�éñí�êpõ�ë ú ütè�ì�ìzëyö%ë®÷�é èJíîåAêp÷�
 � ët÷^ç��*ðñåñë òôèJåñü�êpí%è�åÏü®èJåAêpíîå�ðVë �

�!èJíîê
π = π1, ..., πn

ðñå���� R�� ��O�� S � o � I G �� üQý�æ��(ðñë�æ�þJëtåAê
i
ütè�õ�õ�ë®÷�éTèJåñç�ðñå���� R�� ��O�� S � S ��� E��TS �

Xi ú ë®ê�ðñåñë S M �´E���I M � íîåñíîê�í æ�öîë��ö%ë�û�ëtü®ê�ëtðñõ
ei � ðVåñë"ütè�èJõ�çVèJåñå � ë"é�æ�õ��(ð�æ�åAêpí�ê � íîåñíîê�í æ�öîë�çVë"ì�æ�õ�üQý�æ�åñçVí%÷�ë � �"! ë
�ñð!ê çñë"ütë�êæ�þJëtåAêÃët÷�ê6çñë»ì�æ � í%ìzí%÷�ë®õ ui(Xi)

è$#
Xi

ët÷�ê6÷�èJå©é�æïåñí%ë®õ&ç���æ�üQý�æ�ê � ui

ë®÷�êÃö æ�òôè�åñü®ê�í%èJå�ç���ð!êpí&%ö%íîê � çVë"ö'��æ�þJëtåAêhí ÷�ðVéñé è�÷ � ë"ü®èJåAêpíîå�ðVë(�h÷�è�ðñ÷yö æzütèJåAêpõ�æ�í%åAê�ë
p.Xi ≤ p.ei

í � ë � èJå)
�å�æ�åVütë"ö æçñëtì�æ�åñçñë çñë ì�æ�õ�üQýñæ�åñçñíî÷�ët÷
Xi

é�æ�õ�ö%æóûJëtåAê�ënçñë ÷�æzçñèïêQæïê�í%èJå

*,+.-�/1032405+6-�7
7 8:9191;5<>=@?>-.2(AB05CD?�7E7 8:CF;5?�7"µ.?�k�2(?�8:CG7E/:?H/:?>=@AB-1/:?)?I2�-�+B2(A>240J+.-�7KÃët÷^ütèJåñçVíîêpíîèJåñ÷6åL��èJåAê^é�æ�÷^å � ütët÷�÷pæ�íîõ�ë®ì�ë®å(ê^çñë òôèJåñçVëtìzëtåAê � ütè�åñèJìzí��(ðñëyì�æ�í%÷6÷�í%ìzéñö%í&
�ëtåAêö æóçñë®÷�ütõ�í%éVê�í%èJå �
M � ä»åÏ÷�ënõ � çñðVíîê^ø"çñët÷béñõ�í � åVèJõ�ì � ÷�é�æïõ�ö%ëy÷�íîì�éVö%ë � ë S = {π|πi ≥ 0

ë�ê
Σn

i=1πi = 1} �N � ä»å©åñè�êpë χi(p)
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í � ë � d′ = 0 �
b∇

*r+bC4+.;O;5AB05C4?��
x �"oB�D�3�B�

p∗ � oB�D�3�B� ¿�� � � � φ � �D� � ��� �g��� ���BU�� � � �� <I��-1032405+.- ��¡£¢ �¤c æ�õ�ë�êpè"éTèJí%åAê¥��� �¦���zo � �§�F�D¨ � �b����� � Å � �B�¦� � o � �>� � ��Å ��� �B� ���k� �D��>�J� � �3��U ¼ o ��� � ��� U���� � ��Å ��� ½� � �,����� � ����� �L�D� � �O�'�D� � o � U���U � � �B� ��� � ui(χ
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T å}çñët÷_õ � ÷�ðñö�êQæïê�÷_éñõ � òôèJåñç�æïê�ëtðñõ�÷_çñë�ö æhê�ý � èJõ�í%ë�çñë®÷Lã�ëtð � ët÷�êÀöîë6êpý � èJõ��®ì�ë�çñð}ìzí%åñíîì�æ �� êQæG�ñö%íNë®å M8�IN*� é�æ�õ���èJýVåPï_è�å é ëtðñì�æ�åñå � ��ö¶é ë®ðVê^÷Y� � åñèJåVütëtõ[æ�íîåñ÷�íÖ�
ê@��èJðVê�ã�ëtð"øb÷�è�ì�ìzë&å(ðñöîö%ë_ë®ê ø[çVëtð � ã�èJðñë®ðñõ�÷ ú ��ðVí!èJåAê�òUæ�íîê�öîëtðñõ�÷~üQýñè�í � ç�æ�åV÷~çñë®÷ ë®åñ÷�ë®ì¥�ñö%ë®÷
�åñí%÷�çVë�÷iêpõ�æïê � þJí%ë®÷^éVðñõ�ë®÷ ú ütè�ì�éTèJõ�ê�ë æ�ðÏì�èJíîåñ÷6ðñå � �(ðñíîö%íÙ�ñõ�ë»ë®å�÷iêpõ�æïê � þJí%ë®÷^ìzí � ê�ët÷�ê �
� æ�éVé ë®ö%èJåñ÷�ö æáç � 
�åñíîê�í%èJå çL��ðñåVë�÷iêpõ�æïê � þJí%ëlìzí � ê�ë��¯ê9üG��ë®÷�êÏðñåñëFçñíî÷�ê�õ�í��VðVêpíîèJåãçñë#éñõ�è$��æD%�ñí%öîíîê � ÷"æG� ëtü�ê � ëÏé�æ�õ}ðñåHã�èJðñë®ðñõzø�öO��ë®åñ÷�ë®ì¥�ñö%ë�çñë®÷�÷iêpõ�æïê � þJí%ë®÷�éñðVõ�ët÷ðê ú ÷pæ�üQýñæ�åAê��(ðñëÏö%ë®÷÷�êpõ�æïê � þJí%ë®÷�éñðñõ�ët÷^÷�èJåAê^çñët÷bûïæ�õ�í%æ��ñöîët÷6ü®ëtõ�êpæ�í%åVët÷Íë �

KÃë®é ë®åñç�æ�åAê ú öîë�êpý � èJõ��tìzë©çñðÿì�íîåñí%ì�æ � òôèJõ�ì�ë;ðVå�ütæ�÷"é�æ�õiêpíîütðñöîí%ëtõnçñðßêpý � èJõ��®ì�ë©çVë��èJýñå é � ��� � M��IZ�[ � ú �(ðñídæï÷�÷�ðVõ�ë|��ðVëg�ê���èJðVê�ã�ëtð�ø�å©éTëtõ�÷�èJåñåVët÷�ë®ê�ø�ðñå©åñèJìr�ñõ�ëa
ñåñí�çñëh÷�êpõ�æïê � þJí%ë®÷6éñðñõ�ët÷6ü®èJìzé èJõiêpëhæ�ð©ì�è�í%åñ÷ðñå � �(ðñí%öîí��ñõ�ë � ë®å�÷iêpõpæ�ê � þ�í%ët÷�ìzí � ê�ët÷��¿ê �
��è�ýñå é æ�÷�ýqë®êóäy÷b��æ�õ Ð èJõ�þJë®åñ÷�ê�ëtõ�åáé è�÷�ëtåAê�ö%ët÷���æï÷�ët÷nçñë ! æ�êpý � èJõ�íîë}çñët÷�ã�ëtð � �1� öîö%ë÷�ëtõ�æ�ü®èJåñ÷�æ�ütõ � ë^é�æ�õ¹ö'�*è$�Vê�ëtåAêpíîèJå}çñðzéñõ�í � é è�� ë®ö�ç�� � ütèJåVèJì�íîë ú ë®å M8��� R ú éTèJðñõ ê�õ�èJíî÷_æ�ðVê�ëtðñõ�÷� � � K � �hæïõ�÷pæïå]` ú � � �!ë®öîêpë®åáë®ê�� � é æ�÷�ýb�,�(ðñí&èJåAê,ê9ü®èJåAêpõ�íÙ�ñð � øÏòUæ�í%õ�ë;æHûïæ�åñütë®õ"ö æÏ÷�ütíîëtåñü®ë� ütè�åñèJìzí��(ðñë�ë �
T å©ûJëtü�êpë®ðñõ

(s∗1, s
∗
2, ..., s

∗
j , ..., s

∗
N)
çñëy÷�ê�õpæïê � þJíîët÷�ë®÷�ê^çñíîê6ëtå � �(ðñíîö%í��Võ�ëh÷�ídæ�ðñü®ðñårã�èJðñëtðVõíñçñë é å���æ ö%æ»é è�÷�÷�íÙ�ñí%öîíîê � ç���æ�ì � öîí%èJõ�ëtõ ÷�æ�÷�íîê�ð�æïêpíîèJåóë®å�üQýñè�í%÷�íî÷�÷�æ�åAê_ðñåñëb÷�ê�õpæïê � þJíîë�çñí%÷iêpí%åVü®êpëçñë

s∗i ú ç��t÷bö%è�õ�÷��(ðñë�ö%ët÷bæïðVêpõ�ët÷�ã�èJðñë®ðñõ�÷bèJåAê^èJéVê � éTèJðñõ�öîët÷�÷iêpõpæ�ê � þ�í%ët÷bç�� � �(ðñíîö%íÙ�ñõ�ë
s∗j �

! æóç � ì�è�åñ÷�ê�õpæïê�í%èJå�çñëyö'�*ë � í%÷iêpë®åñütëyç�� � �(ðñíîö%íÙ�ñõ�ë[çñë é æï÷�ý�æHûJë®ü�çVët÷�÷�ê�õpæïê � þJíîët÷6éVõ�è$��æG�ñí&%ö%í%÷iêpë®÷»æ;ëtåVþJëtåñçVõ � çñët÷ æHûïæ�åñü � ë®÷ ê�ý � è�õ�í��(ðñë®÷yí%ìzé è�õ�êQæïå(ê�ët÷[é èJðVõ»ö æ�ê�ý � è�õ�í%ë�çñët÷oã�ë®ð � ú ütëÚ%é ë®åñç�æ�åAê ú ö%ëbé�æï÷�÷pæïþJë»ø ö'�*ë�� ëtü�êpíîû�í�ê � í%åñçVðñíîêÀðñåñë[ütèJìzéñöîë � íîê � ëtåñü®èJõ�ë[ìr`�÷�ê � õ�íîëtðñ÷�ë ú éñðñí%÷��(ðñëã�ðñ÷��(ð���øzõ � ü®ëtìzì�ë®å(ê ú æ�ðñütðVå�õ � ÷�ðVöîêQæ�êbå���ë � ýñí���æïíîêbçñë�üHæ�÷bíîå(ê � õ�ët÷�÷�æ�åAê ú ütè�å(ê�õ�ðñü�êpí�ò ë®ê^éTèJöÙ`I%åñèJìzí æ�ö ú çñë ütæ�ö%ü®ðñöNçñë ütë®÷ � �(ðñí%öîí��ñõ�ët÷ �
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�[í%÷iêpèJõ�í��(ðñë®ì�ë®å(ê ú ÷pænç � ütè�ðVûJë®õ�êpëyë®÷�ê6æ�÷�÷�è!ü®í � ëhønðñåVë»ütèJåV÷ � �(ë®åñütëyçñðEê@��ý � èJõ��®ì�ë^çñëhéTèJíîå(ê
 � ë�çñë���æ���ð!êQæ�åI`Ië ú �(ðñí~ë®÷�êyðVåñë�ë � ê�ëtåAêpíîèJålçñðwê9éTèJí%åAêß
 � ë�çñër�Ãõ�è�ð]�&ëtõ�ë �6! ët÷héVõ�ëtìzí��®õ�ë®÷æ�ì � ö%íîèJõpæïê�í%èJåV÷�èJåAê � ê � ë�� ëtü�êpð � ët÷;÷�ðñõzö%ët÷ ã�ëtð � øqçñë®ð � ã�èJðñëtðVõ�÷�æ8û�ëtü�çñët÷�æ�ö%þJè�õ�íîê�ýñìzët÷ë � æ�ü®ê�÷;ì�æ�í%÷}ë � éTèJåñë®å(ê�í%ë®ö%÷�÷�ðñõ;ü®ëtõ�êpæ�í%åVët÷�íîåñ÷�êpæ�åñü®ët÷ � ��õ��t÷�õ � ü®ëtìzì�ë®åAê ú ö%ët÷zêpõ�æ8ûïæ�ð � çVë��í%ì � èJðVþJýñþAæ�õ�çñëtå�ë�ê c æ�é�æïçñí%ìzíîê�õ�í%è�ð�� cU� [ R�� èJåAêbé ë®õ�ìzí%÷&çñë õ�ëtåVçñõ�ëyë���ë®ü®êpí�ò ë�êbé è�öÙ`�åñèG%ì�í%æ�ö öîë»üHæïö%ütðVö�ë � æ�ü�ê^ç���ðVå � �(ðñí%öîí��ñõ�ë»çñë é æï÷�ý�ütèJõ�õ � ö � ú ç�æ�åñ÷�öîë»üHæ�÷bçñëoã�ë®ð � ÷Í`�ì � êpõ�íÙ�(ðñët÷ ú
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ç�æ�åñ÷bðñåñë õ�ëtéñõ � ÷�ë®åAêQæïê�í%èJåÏütèJìzé�æ�ü�êpë å�æïê�ðñõ�ë®ö%öîë �! ë®÷ ö%íîì�í�êpë®÷�çVë6ütèJìzéñöîë � íîê � ÷ åVë6÷�èJåAê¹éñæ�÷¹ö%èJíîånéVðñí%÷���ðL��ðñåVë�ütèJåAêpõ�æ�í%åAê�ë6÷�ðñéVéñö � ì�ë®å(êpæ�í%õ�ë � çñðêð`!éTëyö%ëhé�æ�í%ë®ì�ë®åAê�ët÷�é � õ � é è�ðñõ6ðñå�çñë®÷Öã�è�ðñëtðñõ�÷�ët÷iê^æ�ð�ì�èJíîåñ÷
k ú èJð©ë � íî÷�ê�ë�%¾êÍ%�íîö éñöîðñ÷�ç��*ðñå� �(ðñí%öîí��ñõ�ë»çñë é æï÷�ý��4�ÃòôèJåAê[éñæ�÷�÷�ëtõbö%ëyéñõ�è$�ñöÙ�tìzëyç�æ�åñ÷bö æ
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ü®èJì�éVö � ê�ðñçñë �! ëÃüHæ�÷ è�#"èJåóí%ìzéTèJ÷�ë&ðñåÅã�èJðñë®ðñõ¹øhõ�ët÷�ê�õ�ë®í%åñçñõ�ë6ö'�*ëtåV÷�ëtìr�ñö%ë6çVë6÷�ë®÷¹÷�êpõ�æïê � þJí%ë®÷ éTëtðVê ÷�ëtìr�ñö%ë®õðñåñë�û�èJí%ënçñë�÷�í%ìzéñö%í&
�üHæïê�í%èJå ú ì�æïí%÷^ëtö%öîënéTëtð!êyæHûJèJíîõhçñë®÷»ütè�åñ÷ � ��ðVëtåñü®ët÷ çñõpæïì�æïê�í��(ðñë®÷hç�æ�åV÷ö%ë^üHæ�÷&ö%ëbéñö%ðV÷Ã÷�íîì�éVö%ë���ðñå � �(ðñíîö%íÙ�ñõ�ëbçñë é æ�÷�ý;õ�ë®÷�êpõ�ëtíîå(ê&éTëtðVêÔ	®êpõ�ëhçñë[÷�ðñéVé èJõiê6çñíî÷5ã�èJíîåAê&çVëêpèJðVê � �(ðñí%öîí��ñõ�ë»ì�í � êpë��(ðñëtöîütèJåd��ðVë �c æ�õ&ütèJåAêpõ�ë ú ðñå;õ � ÷�ðVöîêQæ�ê � ê�èJåñå�æïå(êÃçñë ! íîéVêpèJå ú Ð æ�õ���æ*�(í%÷&ë®ê Ð ë®ê�ý�æ�ëtå N�[$[IN ú ç � ûJèJíîö%ëß�(ðñëö%ët÷y÷iêpõ�æïê � þJí%ë®÷nø©òUæ�íÙ�ñö%ëó÷�ðñéñéTèJõ�ê�÷�èJåAê�ðñåVëzõ�ëtü�êpõ�íîü®ê�í%èJåF÷�ð� �÷�æ�åAêpë�é èJðVõ»êpõpæïíîêpë®õyö æ;åñèïêpí%è�åç��
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� éñõ��®÷��(ðñë®ö��(ðñët÷ ç � 
�åVíîêpíîèJåñ÷dë®ê~éñõ�èJéñõ�í � ê�ët÷ ü®ö æ�÷�÷�íÙ��ðVët÷ ú åñè�ðñ÷ çñè�åñåñëtõ�èJåñ÷~ö%ët÷�èJðVê�í%öî÷�éTèJðñõæ�� è�õ�çñë®õ�öO��æïö%þJèJõ�íîê�ýñì�ë~çñë ! ë®ì��ïë�%¡�[è(�b÷�èJå�� ðñåñëÀì � êpýñè�çñë_çñëÀüHæ�öîütðñöAçñëÀ÷�ê�õpæïê � þJíîët÷�ëtå � �(ðñí&%ö%í��Võ�ë ú ��æ�÷ � ë ÷�ðñõbçñë®÷båñè�êpíîèJåñ÷�çñë éñõ�èJþJõ�æ�ì�ì�æïê�í%èJå�ö%í%å � æ�íîõ�ë ú éTèJðñõ�ðñå¥ã�ëtðÏø"çñëtð � ã�èJðñëtðVõ�÷ ���ö~æ � ê � ìzèJåAêpõ � ��ðVë�ütë�ê»æïö%þJèJõ�íîê�ýñì�ë[ët÷iê»ë � éTèJåñë®å(ê�í%ë®ö�ë®å�ê�ëtìzéñ÷[÷�ðñõ^ütëtõiêQæ�íîåñët÷^í%åV÷�êQæïåñütë®÷ì�æ�íî÷6ö øóë®åñütè�õ�ë�ðñåñë�æ�å�æ�ö&`�÷�ëyéñöîðñ÷�
�åñë ì � õ�í�êpëtõ�æ�íîê6æïê�ê�ëtåAêpíîèJå �
! æ éac %�ü®èJìzéñö � êpðñçñëÀçñëÀö æbõ�ë®üQýñëtõ�üQýñë6ç�� � �(ðñíîö%í��Võ�ë_æHûJë®ü6ðñåñëÀütèJåAê�õpæ�íîå(ê�ë&÷�ðñéñéñö � ìzëtåAêQæïí%õ�ë÷�ëtõ�æóëtåñ÷�ðñíîê�ë»ç � ì�èJåAê�õ � ëyéñæ�õÃðñåVëyõ � çVðñü®ê�í%èJå©æïð©éñõ�è$�Vö��tìzëhçVë»÷pæïê�í%÷iòUæ�í%÷�æ��ñí%öîíîê � çñë»òôèJõ�ì�ðñö%ëö%èJþJíÙ�(ðñë �é èJðñ÷&ë � éñöîí��(ðñëtõ�èJåñ÷&ëtåñ÷�ðñíîê�ë»ëtåF�(ðñè�í öîët÷:ã�ë®ð � ì�æ�êpõ�íîütíîëtö%÷_ønçñëtð � ã�èJðñë®ðñõ�÷ ú ìg	tìzë[ø�ðVêpíîö%í�ê �ç�æ�åñ÷
{0, 1} ú òôè�ðñõ�åñíî÷�÷�ëtåAê�ðVåqütæ�çñõ�ë}õ�í%üQýñë"ë�ênç � ã�ø éac %�ü®èJì�éVö%ë®ê»ö%èJõ�÷��(ð��*èJå�û�ëtðVêní%ìzéTèJ÷�ë®õðñåñë ütèJåAê�õpæ�íîå(ê�ë ÷�ðñéñéVö � ìzëtåAêpæ�í%õ�ë �! ë�üQýñæ�éñíîê�õ�ë�÷�ðñíîûïæ�åAê¹íîå(ê�õ�è�çñðñí�ê ö'�*í%åAê � õ�	�ê¹çñë®÷ÀåVè�êpíîèJåñ÷ çñë�ìzí � í�ê � ÷ çñët÷¹ü®ö æ�÷�÷�ët÷_çñë�÷iêpõ�æïê � þJí%ë®÷ë®êyç�� � �(ðñíîö%íÙ�ñõ�ëóçVë é æ�÷�ýFõ�ët÷iêpõ�ëtí%åAê"á�éñðñí%÷ ú íîö í%åAê�õ�è�çñðñíîê[ö æ�åñè�êpíîèJålçñë"ü®ö æ�÷�÷�ë"÷�ð� z÷pæ�ìzì�ë®åAêõ�í%üQýVë � KÃë�ê�ê�ë�åVè�êpíîèJå;éTëtõ�ìzë®ê6ö'��æ� zõ�ì�æïêpíîèJå�ç���æ�ðVê�õ�ë®÷�õ � ÷�ðñöîêpæïêp÷Ãé èJ÷�íîê�íîòô÷ÃçL��ë � íî÷�ê�ëtåñü®ë ú ë®êbçVëû � õ�íîêpæ��ñö%ë®÷nü®õ�í�êX�tõ�ët÷�ç���æ�éñéñõ�è � íîì�æïê�í%èJåFéTèJðñõ�ö%ë®÷ � ��ðVí%ö%íÙ�ñõ�ë®÷ õ�ët÷iêpõ�ëtí%åAê�÷ ú ��ðVí � êQæ�íîëtåAênõ�ëtìzí%÷ëtåÏüHæ�ðñ÷�ë ç�æ�åñ÷^ö%ë»ütæ�÷^õ�ët÷iêpõ�ëtí%åAêbåñè�å�÷�ð� z÷pæ�ìzì�ë®åAê[õ�í%üQýñë �

! ë�çñëtõ�åñí%ë®õ�üQý�æ�éVíîêpõ�ë�÷�ëtõpæ ��ðñæ�åñçÿø�öîðñíÀütèJåñ÷�æ�ütõ � æ�ð � ü®èJåñ÷ � �(ðñëtåñü®ët÷}çñë�ö æ�ü®èJåñå�æïí%÷Í%÷pæ�åñü®ëÃç��*ðñå � �(ðñí%öîí��ñõ�ë¹çñë é æ�÷�ýnç�æ�åñ÷�ö'�*ë � éñöîí%ü®íîêQæ�êpí%è�åyç���ðVå ε % � �(ðñí%öîí��ñõ�ë¹çñë é æ�÷�ý�ø^÷iêpõ�æïê � þJí%ë®÷ðñåñíîòôè�õ�ìzët÷�ë®ê"øÏòUæ�í��ñöîë}÷�ðñéñéTèJõiê � öîèJþAæ�õ�íîê�ýñì�íÙ�(ðñë(� � ä»åáëtåáç � çñðñíîõpæ��(ðñë®ö��(ðñë®÷óö%íîëtåñ÷�ëtåAêpõ�ëæ�éñéñõ�è � íîì�æïê�í%èJå�çñë ì�æïê�õ�íîütë»çñë é�æïí%ëtìzëtåAêbë�ê ε % � �(ðñíîö%íÙ�ñõ�ë»çVë é æ�÷�ý �
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é èJðñ÷_÷�è�ì�ìzët÷_ç�æ�åV÷ÀðVå�ütæ�çñõ�ë^èJðzåñèJðñ÷¹û�èJðñö%è�åñ÷_õ�ëtéVõ � ÷�ëtåAêpë®õÃðñå ã�ëtðzëtåAê�õ�ë^ðñå�åVèJì¥�ñõ�ë
�åñí_çñë ã�èJðñëtðVõ�÷ � KÃý�æG��ðVë�ã�èJðñë®ðñõ�çñí%÷�é èJ÷�ë�çL��ðñåqütë®õ�êQæïí%å�åñèJì¥�ñõ�ë�çVë�üQýñè�í � � äyåqçñíîê��(ð��*í%öã�èJðñëyðñåñë�÷�ê�õpæïê � þJíîëyéñðñõ�ë�öîèJõ�÷��(ð���íîö�ðVê�í%öîí%÷�ëh÷�`�÷�ê � ì�æïêpíÙ��ðVëtìzëtåAê^ö æ"ì�	®ì�ëy÷iêpõ�æïê � þJí%ë �
� <I��-1032405+.- ��¬N­¯®62(C4Ad2(<�°.05?�=�0±��2(?)²³k�D� � ���µ´ �D� � � � � �D� �·¶�¶B���3���H��êpõ�æïê � þJí%ë�ì�í � êpë x = (x1, ..., xn)

��� � � � � � � �JWY�>�J�'�D� � �¶.� ��W � WY� � �3�ðU � � ����¸ � � �(��� W ���º¹¼» �B�¼½ � � �(����� � ��� ��U¿¾�� ���O¶ � �X��� �
� <I��-1032405+.- ��À,­ ��� 810J;J0���C4? /:?p�tAB78�T²Á ��÷�ðVéñé è�õ�ê ��� �Ú�X���¡¶ �D� � � �B� ��� � ��¸ � � �(��� W ��� � ��� � � ��� �ðU¿¾�� ���X¶ � �X����Â � ¸ � � ���O� � � �(�
{i|p(xi) > 0} �

é èJðñ÷ æ�öîö%èJåV÷[ì�æ�í%åAê�ëtå�æ�åAêyéVõ � ÷�ëtåAêpë®õ ö æ�åñèïêpí%è�ålç�� � �(ðñí%öîí��ñõ�ëóçñë é æ�÷�ýFç�æïåñ÷yö%ëóütæ�÷»çñë®÷ã�ëtð � ø�çVëtð � ã�è�ðñëtðñõ�÷�áN÷�èJåFë � êpë®å(ê�í%èJå�éTèJðñõ»ðñåFåñè�ì¥�ñõ�ë¥
ñåñíÖ�(ðñëtöîütèJåd��ðVëzçVëÅã�èJðñëtðVõ�÷ ët÷iêå�æïêpðVõ�ëtöîö%ëÖá!ì�æïí%÷�ö%ë®÷�çñíÃ zü®ðñöîê � ÷�ütè�ì�éñð!êQæïê�í%èJåñåVëtö%öîët÷�æïðñþJìzëtåAêpë®å(êbû�í%÷�í��ñöîëtìzëtåAê �
� æ�åñ÷�ðñå�ã�ëtð øßçñë®ð � ã�èJðñë®ðñõ�÷ ! ë�¶d� � ����� �B� é èJðVõ©ö%ë�ã�èJðñë®ðñõw�(ð��*èJå æ�éñéTëtö%öîëtõ�æVê9ö%íîþJåñëÚë
� õ�ë®÷�éTëtü�êpíîû�ëtìzëtåAê�ê9ütè�ö%èJåñåVë�ëÍ�Àët÷�ê^åñèïê �

(x,Ry) ú:� õ�ët÷�é (x, Cy)
� �

� <I��-1032405+.- ���,­ ��� 810J;J0���C4? /:?p�tAB78�T²�>� �X¶d� � �X� � � � � ��� ��U¿¾�� ���
(x∗, y∗)

��� �¿��� ¶ �D�3�B� � ¸ � �(ðñí%öîí��ñõ�ë»çñë é æï÷�ý�� �
Ä ∀ � � ��� �ðU¿¾�� ��� �§�$� �

x � �Å´ �D� � � ��� �Æ¾�� � � (x,Ry∗) ≤ (x∗, Ry∗)Ä ∀ � � ��� �ðU¿¾�� ��� �§�$� �
y � �Å´ �D� � � � ��� � �D�B� � � (x∗, Cy) ≤ (x∗, Cy∗) �
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ä»åßæïéñé ë®ö%öîëtõpæ ´ � � � �D� ��Ö � �Ú���
� � ��� �ðU¿¾�� Â � ��êpèJð!êkã�ë®ð�
�åñíÀç��*ëtåñ÷�ëtì¥�ñöîë�çñë�ã�èJðñë®ðñõ�÷
N

� |N | = n
�&êpëtö"�(ðñëg�

Ñ ! ëoã�èJðñëtðVõ
i
ã�èJðVënæHû�ëtü�ö'�*ëtåñ÷�ëtì¥�ñöîëyçñë ÷�ë®÷[÷iêpõpæ�ê � þ�í%ët÷�éVðñõ�ë®÷

Si �Ñ �!íTö%ët÷�ã�èJðñë®ðñõ�÷ÃíIã�èJðVëtåAê6ðñåVëh÷�ê�õpæïê � þJíîëhéñðVõ�ë
si ú öîë[é�æïí%ëtìzëtåAê&çñð|ã�èJðVëtðñõ

k
ët÷iê�çñèJåVå �é�æ�õ�ðñåVë òôè�åñü®ê�í%èJå

uk(s1, ..., sn) �Ñ ∆i
�Vö æ"÷�ê�õpæïê � þJíîëyçñð
ã�è�ðñëtðñõ

i
ë®÷�ê^ðñåñë ÷�ê�õpæïê � þJíîë ì�í � ê�ë»÷�ðVõ Si

× �:<�+bC�Ø�=�?���¡C­ � �:0J7�2(?�-Ù�$?�/UÚÖ< � 8�0O;J0���C4?)²
Û.�D�>��´ � � » �B� � �D� �UÖ � �Ú��� � � ��� ��U¿¾�� Â � �\¶ � ����Ü � � ����U Â ��� � �JW ��� � �ÞÝ��D�àß �

d
�!è�íîê

M = ∆1 × ...×∆n
á
M
ët÷�ê^ü®èJì�éñæ�ü®êbü®èJåAûJë � ë �äyå©û�ëtðVê[ç � 
ñåñí%õ

f : M →M �
p ∈M

ë®÷�ê^ðñå�ûJëtü�êpë®ðñõhø
Σi∈N |S

i|äyå�åñè�êpë
pi,k

ö%æ[ü®è!èJõ�çñèJåñå � ë�æ�÷�÷�è�ütí � ë�æ�ðÅã�è�ðñëtðñõ
k
ë®ê¹øh÷pæ

iieme
÷�ê�õpæïê � þJíîëÃéñðVõ�ë � Sk

i ∈ S
k
� �äyå©ûïæ}ç � 
�åVí%õ�ö æóü®è!è�õ�çñèJåVå � ë ütè�õ�õ�ë®÷�éTèJåñç�æïå(ê�ënçñæ�åñ÷

f(p)
é�æ�õ��

fk
i (p) =

pk
i +[uk(p−k,Sk

i )−uk(p)]+

Σ
Sk

j
∈Skpk

i +[uk(p−k,Sk
j )−uk(p)]+è$#�èJå�æ"åñèïê �

x+ = max(0, x) �
� ?�=�=�?@��¡

f
��� � � � M →M

� �����D�B�O�3�B� �á¹O� � � �>�����D�Gâ � � � ��� �Þ¶d� ���ã½ �
��ö~ë � í%÷iêpëóçVèJåñü�éñæ�õ»ö%ë êpý � èJõ��tìzëóçñë¥�&õ�èJðI�&ëtõyðñå

p
êpëtö��(ðñë

f(p) = p ú �(ðñë"öO��è�å�éTëtðVêë�� ëtü®ê�íîû�ëtìzëtåAê[æ�éñéñõ�è!üQýñë®õbé�æ�õbö æó÷�ëtü®ê�í%èJåt� � N
� ?�=�=�?@��¬

ä � � ������� ���D� � �3�J�'�D� �X¶.� U���U � � �B� ��� � p ��� �¯����U Â �>� � �JW �X� � ��Ý��D�àß �
b∇
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hÞñEfYh i z�neòrlFv ó,lçô ­�n"vTó�neõ\ö|p�zk­ utlwv1zk­ ufò,lwv lPqwz v�õkjtlPm¯®
n:p÷ò,q sªlPq uwv�òïøúù�xky z£jwz uwv�òïö�v!ó,y y ó�n:p÷ò,q ù�pYqRõûó�p�v1z
ü }�qwp�z�ý

� å�ütèJåVå�æ�í%÷�÷pæ�åAê�ö æ;÷iêpõ�æïê � þJí%ë"çñðFã�èJðñë®ðñõ M ú èJåFéTëtðVê�ë®åqç � çñðñíîõ�ë}ðñåñë}÷�ê�õpæïê � þJíîë"éñðñõ�ëé èJðVõ N �(ðñí�æ�÷�÷�ðñõ�ë ðñå�éñæ�í%ë®ì�ë®å(êbìzí%åVí%ìóðñì � çñèJåñü èJéVê�í%ì�æ�ö�éTèJðñõ N � ��!èJíîê
x


 � � á Ð èJåAê�õ�èJåñ÷k�(ðñë
× �:<�+bC�Ø�=�?���¬
pm = Miny:mixtex

TAy = Miny:purex
TAy = MinjΣ

n
i=1bjxj = MinjΣ

n
i=1ai,j.xi = pp

d ! ët÷b÷iêpõpæ�ê � þ�í%ët÷�éVðñõ�ë®÷[÷�èJåAê[íîåñütöîðñët÷�çñæ�åñ÷bö%ë®÷^÷iêpõ�æïê � þJí%ë®÷�ì�í � ê�ët÷�ç��*è$#V�
pm = Miny:mixtex

TAy ≤Miny:purex
TAy = MinjΣ

n
i=1bjxi = pp �äyåÏæ}çñèJåñü��ñíîëtå

pm ≤ pp �
KÃèJì�ìzë

x
ët÷�êß
 � � ú è�å�æw�

xTR = (x.b1, ..., x.bn) ��!èJíîê
k
öO��íîåñçñíîütë»è$#

(xT .bj)
ë®÷�ê^ì�íîåñí%ì�æ�ö �

Miny:purex
TAy = Minjx

T .bj = xT .bk = ppäyåÏæP�
∀j, (x.bk) ≤ (x.bj)

á�!èJíîê
y = (y1, ..., yn)

ðVåñë ÷�êpõ�æïê � þJí%ëyìzí � ê�ë���ðVëtö%ü®èJå��(ðñëÖá
xTRy = [x.b1, x.b2, ..., x.bn]y = Σn

j=1(x.bj).yj ≥ Σn
j=1(x.bk).yj = x.bk �! ��æ�õ��ñíîê�õpæ�íîõ�ëh÷�ðñõ y éTëtõ�ìzë®êbçL��æB �õ�ì�ë®õ��

pm = Miny:mixtex
TRy ≥ x.bk = pp

b∇

c èJðñõböîëoã�èJðñëtðVõ M ú ö%ëyé�æïí%ëtìzëtåAêbìzí%åñíîì�æïöTë®÷�é � õ � ë®÷�ê
z = Maxx:mixteMiny:mixte x

TAy = MaxΣn
i=1xi=1 Minj Σn

i=1ai,j.xi ���ö¶ët÷�ê[æïê�êpë®í%åAêbö%èJõ�÷��(ð��*èJå�ì�æ � íîì�íî÷�ë z1(x) æHûJë®ü
Σn

i=1xi = 1
ë®ê

∀j ∈ [1, n], z1(x)− Σn
i=1a(i,j).xi ≤ 0 �

! æ�÷�íîê�ð�æïê�í%èJå}ët÷iêÃ÷Í`�ì � êpõ�íÙ�(ðñëhéTèJðñõ_ö%ëÖã�èJðñë®ðñõ N ë®å;é è�÷pæ�åAê
z2(y) = Maxj Σn

i=1ai,j.yi �! ë é�æïí%ëtìzëtåAê�éTëtõ�çñð�ë®÷�é � õ � ë®÷�ê MinΣn
j=1yj=1 z2(y) �

�$[



! �*èJéVê�í%ì�æ�ö%í�ê � ÷�ëyêpõ�æ�çñðñí�êbçñèJåñü é�æïõ�ö æóìzí%åñíîì�íî÷pæïê�í%èJåzçñë z2(y) ÷�èJðñ÷^ö%ët÷�ü®èJåAêpõ�æ�í%åAêpë®÷��
∀j ∈ [1, n], z2 − Σn

j=1a(i,j).yj ≤ 0 � ë®êbê�èJðDã�èJðñõ�÷ Σn
j=1yj = 1

hÞñEfþñ ÿ zklYô s ­�òry y z qglRù÷ù�z �����Rõ\ò|v1xky z y p�q�®By ó�ô f
× �:<�+bC�Ø�=�?���ÀC­�� 0O-�� A���²

�
	���
���������� ³k�D� � ��� ´ � ��� � � �
��� �B� �3��� � �D� ���¤� � � �3��� � �3� �¤� �
d
ä»åÏæóêpèJðDã�è�ðñõ�÷ ú é èJðVõ cj ��ö%æ

jieme
ö%íîþJåñë»çñë � ú ë®ê bi ÷pæ iieme

ü®èJö%èJåVåñë ú
Σn

j=1cj.xj ≤ Σm
j=1(Σ

n
i=1.ai,jyi)xi ≤ Σn

i=1(Σ
m
j=1.ai,jxi)yi ≤ Σn

i=1biyi� ö'� � �(ðñí%öîí��ñõ�ë ú èJåÏæt�
Σn

j=1ai,jx
∗
j = Σm

i=1bi.y
∗
i

� åßë���ë�ê ú é èJðVõ i ∈ [1, .., m]
éTèJ÷�èJåV÷

cn+i = −y∗i
æ�íîåñ÷�í¯�(ðñë;ö%ë®÷nûïæ�õ�í æ��ñöîët÷�ç�� � üHæïõ�êF�

xn+i = bi − Σn
j=1ai,jx

∗
j

á
z = z∗ + Σn+m

k=1 ckxk

z∗ = Σn
j=1cjx

∗
j

Σn
j=1cixj = z∗ + Σn+k

k=1ck.xk = (z∗ − Σi = 1my∗i bi) + Σn
k=1(ck + Σn

j=1ai,jy
∗
j )� åÏõ�ë®þAæ�õ�ç�æ�åAêbö%ë®÷^ü®è �  zütí%ë®åAêp÷^æ�÷�÷�è!ü®í � ÷[æïð � xj

èJå�ëtåÏç � çñðñíîê
z∗ = Σm

i=1y
∗
i .bi ú ç��*è$#

Σn
j=1cj.x

∗
j = Σm

i=1bi.y
∗
i

b∇

! ë®÷"éñõ�è$�Vö��tìzët÷óæ�÷�÷�è!ü®í � ÷}ø�ö ælõ � ÷�èJöîðVêpíîèJåáçñë®÷"çñëtð � èJéVê�í%ìzí%÷�æïêpíîèJåñ÷ ÷�èJåAê}çñðñæ�ð � � ä»åé ë®ðVê[æ�ö%èJõ�÷6÷�ë�õpæïì�ë®åñëtõbø"ö æóõ � ÷�èJö%ðVê�í%èJå�ç��*ðñåÏéñõ�è��ñö��®ì�ëyöîí%å � æ�í%õ�ëhë®ê^çñë ÷�èJå�çVð�æ�öNöîí%å � æ�í%õ�ë úë®ê^èJå�ët÷iê[çVèJåñü ç�æ�åñ÷
P
éTèJðñõ�ê�õ�èJðVû�ëtõbðñå � �(ðñíîö%í��Võ�ë �

�dM



hÞñEf�� ÿ zkl y ó�n"v�p�mÔp�z\ù s ­eò,y y z! glPz\ù�mOò,q" �lwz
ä»å�é ë®ðVê�æ�ç�æïéVêpë®õ�öîë¹õpæ�íî÷�èJåVåñëtìzëtåAêd÷�ðVõ�öO��è�éVêpíîì�æ�öîíîê � ø�ðñå�ã�ëtðnø�çñëtð � ã�èJðñëtðVõ�÷�ø�÷�èJìzì�ëåñèJå�å�ðVö%ö%ë ú ö%ë}éñõ�ëtìzí%ëtõ � õ�ët÷�é ë®ü®ê�íîûJë®ì�ë®åAê 2ieme

�¯ã�èJðñë®ðñõ�ã�è�ð�æ�åAênøÏé�æïõ�êpíîõ çñë
m � õ�ë®÷�é � n �÷�êpõ�æïê � þJí%ë®÷�éñðñõ�ët÷^ë®ê^æHûJë®ünöîët÷béñõ�è���æ��ñíîö%íîê � ÷

x � õ�ët÷�é y � ú æ8û�ëtü ðñåñë�ì�æïêpõ�í%ütëhçñëyé�æ�íîëtìzëtåAê A� õ�ë®÷�é � B � �� åÏéTèJ÷pæ�åAê E = (1m)T � õ�ë®÷�é F = (1n)T
�öO��è�éVêpíîì�æ�öîíîê � ÷�ë�ê�õpæ�çVðñíîê�éñæ�õ

∃u, v
ê�ëtöî÷ß�(ðñë

Ñ E.x = 1Ñ ET .u− A.y ≥ 0Ñ xT (ET .u− A.y) = 0

Ñ F.y = 1Ñ F T .v − B.x ≥ 0Ñ yT (F T .v − B.x) = 0

ä»å�æ�çVèJåñü»ðñå©éVõ�è$�ñöÙ�tìzëhöîí%å � æ�í%õ�ë[æHû�ëtü ütèJìzéñö � ìzëtåAêQæ�õ�íîê � �]! æóç � ü®èJðVû�ëtõ�ê�ë ç���ðVå � �(ðñí&%ö%í��Võ�ë�÷�ëFõ � ÷�èJðñç é�æ�õ©öO��æ�öîþJèJõ�íîêpýVì�ë�çñë ! ëtìá��ëÚ%@�^è4�b÷�èJå_��ðVíyí%åAêX�®þJõ�ë#öîët÷;ü®èJåAêpõpæïí%åAêpë®÷ÏçVëütèJìzéñö � ì�ë®åAêQæ�õ�íîê � ç�æ�åñ÷bö%æ}õ � ÷�èJö%ðVê�í%èJå©÷�í%ìzéñö%íîütí%æ�ö%ë �
hÞñEf$# % ò�v�y ó ù�pY­eó�n:p÷ò,q j�&�lPq jwzk­ jPzklçô '^ò,lwzklwv�­ ufò,lFvªù�zk­

'�zklçô øPp�y ó�n"v1p�mÔp�z\ù�­
( C4+b9¦+67Y052405+.-_^�!èJí%ë®åAê

A
ë�ê
B
çñëtð � ì�æïê�õ�í%ü®ët÷ m× n á�!èJíîê

I
ö æ

(m+ n)× (m + n)
ì�æïêpõ�í%ü®ëyí%çñë®å(ê�íîê � ác èJ÷�èJåñ÷

C =

(

0 A
BT 0

)

T å � ��ðVí%ö%íÙ�ñõ�ë�çñë é æ�÷�ý�ç�æ�åñ÷»öîëkã�ë®ð � ú � ët÷iêyëtå#ü®èJõ�õ�ët÷�é èJåVç�æ�åñü®ëóé è�í%åAêyø�éTèJíîå(êhæHûJë®üóö%ë®÷÷�êpõ�æïê � þJí%ë®÷�çñð¥ã�èJðñëtðVõ M ç�æïåñ÷bðñå � �(ðñí%öîí��ñõ�ë»çñë é æ�÷�ý�çñæ�åñ÷^ö%ë¯ã�ë®ð � � ú K�� �
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hÞñEf*) + zky ,rzÔ®.-ªò0/~­�òrq
´�³�²21�²�´ 3V¾
4�¾¦¹�¼Ö·>½Í¾¿¶ Àa¸65r¸:É87¿¸6Ë:9 ¾<;ØÌ>¾¿¶

=?>A@CBED.Fßã�GHDJI.@LKNMOB�P�@LQH@LGHRAS.>AF.F�TVUWM�PERLGHXEKNMOB*P�@LQHGYX�S.GVUWMO@LGYKZGYF[B�X]\^G_B¦� � \`D.FJUa>A@LF[BES.DX�@LKZU.RCG � G π = (π1, ..., πn) b S�GYXcX�B�P*MOB�TYdA@CGYXeS�Gf\g>AFhUaGYD�BcM�X�X�>iQH@LGYPjX*MJQH>ARL>AP�MOB*@C>AFEêlkmGYKá��G_n�0>(�oX�>AF�ë�pWD.F"GYF.X�GYKJI�RLGqSsrtGYF[B*@CGYP�XvuwD.@mGYXxB0M�RL>AP�X
c1 ∪ c2

>Ay
c1
QY>AF[B�@LGYF[BvS.GHXvTHRLTHKNGHFwB�XoS.G

{1, ..., n}
p]êl@&ëzGYXxBvSWM�F.X

c1
X�X�@

πi

GHX�BvFwD.RLRCG{GHB
c2
QH>AF[B*@CGYF[BcS.GHXeTYRCTYKZGYF[B*XjS.G

{n+ 1, ..., n+m}
pIêÙã�ëvGYX�BeSWM�F.X

c2
X�X�@|R}M

jeme
QY>?>AP�S�>AF.F.THGS.G

(πA)
GYXxB0D�F.G~QH>i>�P�S.>AF�F.T{K�M � @CK�MORLG �

� �m�?���E������ P�GYF.>�F.X0RCG¯ã�GYD�I.@CK�MOB�P�@CQY@LGHR|S�>AF.F.TqUWM�PcRCGYXoKNMOB*P�@LQYGHXcS.GqUWM�@CGYKZGYF[B*X{p

A =





0 6
2 5
3 3





GHB
B =





1 0
0 2
4 3





�V>i>�P�S.>AF�F.TYGHX � MO@LGYKZGYF[B �V>ARL>AP�MOB*@C>AF��� b���� � � b��ib��[� �Ab��� �Ab � � ��� b��ib��[� �ib���
1
3
, 2

3
� ��� b � b��[� ��b ��

2
3
, 1

3
� � �ib���b��[� � b���

1
2
, 1

2
� (3, 7

2
, 3)

�� ��b � b � � � �Ab � � �Ab � b����� bC�Ab � � ��� b���� �ib���b����� b � b���� ��� b��A� �Ab���b ���� b 1
3
, 2

3
� �

8
3
, 8

3
� �Ab��ib��

´�³�²21�²Ò³ 5¥¸:É87¿¸6Ë�9 ¾<;ØÌ>¾¿¶ÝÆL¾¿¶o·�¹�¼¿½�¶o·
� M�F.X]RCGjQYM�X]S�r�D.F�ã�GYD��vS.GYD � ã�>�D.GYD.P�X b F.>AD.X]M�RLRC>AF.XmGHX�X*M���GYP�S.GjKN>AF[B�P�GYP�QY>�KNKZGYF[B<B*@CP�GYPUWM�P�B�@iS�GcR}M0QH>AF.FWMO@LX�X�M�F.QHGcSsr�D�F.GeS.GHX�U.P�>AI.M�I.@LRC@CB�T�ã�>�D.TYG b RL>�P�X]S�GcR}M0S�TYQY@CX�@C>AFJS.GeRLMzuwD.GYXxB*@C>AFêlG � @CX�B*G�n Bxn$@LRwD.F�THuwD.@LRC@LI.P�GjS.G é M�X�¡�DiB*@LRC@LX�M�F[B]QHGHB�B�GeU.P�>AIWM�I.@CRL@�B*T¢U|>AD�P]QYG_B�B�GcX�B*P�MOB*THdA@LGÚë � � >AD�PQYGYRLM b F.>�D.XvM�RLRC>AF.XeD�B�@LRC@LX�GHPeS.GHXvQH>AF.X�TYuwD.GYF�QYGYXzS.GqR2r�M�RLdA>�P�@CB�¡.KZG0S.G£kmGYKá��G�n@�v>�¤oX�>AF �

� �



¥"¦ ��§a¨|©�ª:�wªN� Ú¬«)�E­Y�?¨Ù�A�¯® Ú ¦��s°�± � ± �Eª��n�A§|¨a©²ª�« ± ¨a©�­ ° ª ° ¨����m�?���E���
³c± �m�wª�� Ú¬�?¨E­H�i�f�E���´®UÚ ° ¨<�¯­H©²ª�«�© ¦ ° ± �

=?D.U.Ua>AX�>AF�XeuwD.GfR2rt>AFµQ¶¡�GYP�Q¶¡�Gq�·S.TYQH@LS.GHPeXYrt@LRaG � @CX�B*G0D.FhTYuwD.@CRL@CI.P�GvS.G é M�X�¡hS.M�F.XeRCGYuwD.GYRR}M�U.P�GYKZ@L¸HP�GJQH>i>AP�S.>AF.F�TYG�U|>�D.PfRLGkã�>AD.GYD�P � GHX�B 1
2
�<¹ FºUaGYD�BqQH>AF.X�@CS.TYP�GYP{uwD.G�RLGkã�>AD.GYD�P �ã�>AD.G¢R}McX�B�P*MOB�TYdA@CG

(1
2
, 1

2
) � kmG¢UWM�@LGHKNGHF[BEGHX�B»M�RL>AP�X (3, 7

2
, 3)

GHBERLG
Ua>A@LF[B�GYXxB»QH>ARL>AP�@LT � �:¹ F~U|GHD�B@LKZKNTHS.@}MOB�GYKZGYF[B�¼�TYP�@C½WGHP�uwDsrt@LR[F�r�G � @CX�B�GjUWMOX�S�r�THu?D�@LRL@CI.P�G�S�G é M�X�¡·M�X�X�>iQH@LT
�oQYG_B�B*G¢X�B�P*MOB�TYdA@CG bU.D.@LX�uwDsr�@CRsFsrtGYXxBzUWMOXvUa>AX�X�@LI�RLGfSsrt>AI�B�GYF.@CPoD.F.GqQY>ARC>AP*M:B*@L>�F � �Ab��ib���b��A� U|>�D.PcRLGoã�>AD�GYD.P �l�
¾ « ± ­�­Y�wª ° ¨<��¿.«�ª ± «)�E����� ± ��ª:�

=?D.U.Ua>AX�>AF�XeuwD.GfR2rt>AFµQ¶¡�GYP�Q¶¡�Gq�·S.TYQH@LS.GHPeXYrt@LRaG � @CX�B*G0D.FhTYuwD.@CRL@CI.P�GvS.G é M�X�¡hS.M�F.XeRCGYuwD.GYRR}M�U.P�GYKZ@L¸HP�GJQH>i>AP�S.>AF.F�TYG�U|>�D.PfRLGkã�>AD.GYD�P � GHX�B 1
2
�<¹ FºUaGYD�BqQH>AF.X�@CS.TYP�GYP{uwD.G�RLGkã�>AD.GYD�P �ã�>AD.G{R}M�XxB*P*M:B*TYd�@LG

(1
2
, α, 1

2
− α) � kmGqUWM�@CGYKZGYF[BoGYXxBzMORL>AP�X (3

2
− α, 9

2
+ 2α)

�%� =i@ α = 0 b RLG{UWMO@LGYKZGYF[BoGHX�B (3
2
, 9

2
)
pWRCG{QY>ARC>AP�@LM�dAGfMOX�X�>?QY@CTqGYX�B � �ib � �;�

�l� =i@ α = 1
2
b RCG{UWM�@CGYKZGYF[BoGYXxBzMORL>AP�X (1, 11

2
)
pWRCG{QY>ARC>AP�@LM�dAGzM�X�X�>iQH@LT{GYXxB � �ib��A�;�

��� =i@ α ∈]0, 1
2
[ b RCG{QY>ARC>AP�@LM�dAGzM�X�X�>iQH@LT{GYXxB �I�� M�F.X·RCGYXqB*P�>A@LX£Q�M�X~U.P�THQYTHS.GYF[B*X b @LR�GHX�B·F.TYQHGYX�X�M�@LP�GµSsrt>AI�B�GYF.@CP 1

U|>�D.P~RLM�XxB*P�MOB*THdA@LGZS.Dã�>AD.GYD�P �Ab QHG�uwD.@»@LKZUa>AX�G~u?D�G�RLGßã�>AD�GYD.P � ã�>�D.GJR}MNX�B*P�MOB*THdA@LG·U.D.P�G ��� b����_b S.>AF.Q�MOD.P*MµD.F�GQY>ARC>AP*MOB�@L>AF � �Ab��[� F.>AF�QY>�KNU.RCTYKZGYF[B¶MO@LP�G0S.GYXoB*P�>A@LXVQ�M�XoU.P�TYQYTHS.GYF[B�X �
¥"¦ ��§a¨|©�ª:�wªN��«º��ª ¦ ­H�i¨Ù�A�¯®UÚ ¦���°E± � ± ��ª:�n�A§a¨|©²ª�« ± ¨|©

=?D.U.Ua>AX�>AF�XeuwD.GfR2rt>AFµQ¶¡�GYP�Q¶¡�Gq�·S.TYQH@LS.GHPeXYrt@LRaG � @CX�B*G0D.FhTYuwD.@CRL@CI.P�GvS.G é M�X�¡hS.M�F.XeRCGYuwD.GYRR}M{S.GYP�F.@L¸HP�GvQY>?>AP�S�>AF.F.THGvUa>AD.P¢RLG1ã�>�D.GYD.P � GYX�B 2
3
�i¹ FNUaGYD�BVM�RC>AP�X�QH>AF.X�@CS.TYP�GYP¢uwD.G0RCG�ã�>AD.GYD�P� ã�>�D.GqR}MJX�B�P*MOB�TYdA@CG

(1
3
− α, α, 2

3
) � kmG£U.M�@LGHKNGHFwBoGHX�B0M�RC>AP�X (2 + 2α, 4− α)

�%� =i@ α = 0 b RLG{UWMO@LGYKZGYF[BoGHX�B (2, 4)
pWRCG{QY>ARC>AP�@LM�dAGzM�X�X�>iQH@LTqGYXxB � �ib � �;�

�l� =i@ α = 1
3
b RCG{UWM�@CGYKZGYF[BoGYXxBzMORL>AP�X (8

3
, 8

3
)
pWRCG{QY>ARC>AP�@LM�dAGfMOX�X�>?QY@CTqGYX�B � �Ab��?b��[�Q�

��� =i@ α ∈]0, 1
3
[ b RCG{QY>ARC>AP�@LM�dAGzM�X�X�>iQH@LT{GYXxB �I�� M�F.XJRCGYX£Q�M�X~U.P�THQYTYS�GYF[B*X � G_B �ib @CR�GYX�B��´F.>ADi¼AG�MOD�F.TYQHGYX�X�M�@LP�GµSsrt>AI�B�GYF.@CP 1

U|>�D.P·RLMX�B*P�MOB*THdA@LGcS�D�ã�>AD.GHD.P �Ab QYGouwD.@À@LKZUa>AX�GcuwD.GvRLG1ã�>AD�GYD.P � ã�>AD.GoR}M{X�B�P*MOB�TYdA@CGoU.D.P�G ��� bC�²�_b S.>AF�QM�D.P*M�D.F�G£QH>ARL>�P*MOB�@L>AF � �Ab��[� F.>AF�QY>AKZU.RCTYKZGYF[B¶M�@CP�GfS�GYXoQYGHX0S.GHD � QYM�X �� M�F.X�RCGVQ�MOX �ib Ua>AD.P»>�I�B*GHF.@LP � GHB �ib @LRwÁ�M�D�B�D�F.GcX�B�P*MOB�TYdA@CGVS.>AF[B
RCGYX»S.GHD � @L¸HKNGeG_B»B*P�>A@LX�@L¸HKNGQY>?>AP�S.>�F.F.TYGHXoS.GYXvUWM�@CGYKZGYF[B*XoM�X�X�>?QY@CTYXoQY>A@CF.QY@CS.GYF[B �Â F`P�THX�>AR�¼�MOFwBNQYGHQY@v�ÃU.M�P�B�@LP�S.G´R}M¯K�M:B*P�@CQYG"\ b >AFÄ>AI�B�@LGHFwB (2
3
, 1

3
)
Ua>AD.PZS.GHX�UWM�@CGYKZGYF[B*X

(2, 3, 3)
GHBvS.>AF.QqD.F�QY>�RL>AP�@}M�dAG ��� b��A� uwD.@mGHX�BvI.@LGHF´QH>AKZU.RLTHKNGHFwB*M�@LP�GzS.G � �Ab��?b��[�Q�k�M�UWMO@LP�G � 2

3
, 1

3
� GHB ��� b 1

3
, 2

3
� GYX�B0D.F.GqUWMO@LP�G{GHF´THuwD.@LRC@LI.P�GfS.G é M�X�¡ �

� �
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Î �NÏ Î +ÃÐ_ÑoÒ ÓNÔ � Õ�Ö× NØ Ð ù Ð øhÙ ÑoÚ6Û"ÑÜ% ó Ú � óvÝ ÑoÞàß ò Ò�á Ù!ó ÐHÒ�á<Ñ
Ú Øhâ"âúù÷õoã ÑoÒ�á ó Ð Ù Ñ

ä >AD.XzM�RLRC>AF.XcKZ>AF[B*P�GHP0uwD.G~R2rt>AF�UaGYDiB0B�P*M�F.XxÁ�>AP�KZGYPvD.F.G£Á�>AP�K·D.RLGqX�>�D.X0Á�>AP�KNGqF.>�P�KNM�RLGQY>AF:å�>�F.QHB�@C¼AG0GYFhD.F~å�GHDµI.@CK�MOB�P�@CQY@LGHR.>AyµRCGYXeTHuwD.@LRC@LI.P�GYX¢X�>AF[BcGHFµP�GHR}MOB�@L>AF�M²¼�GYQfRLM~X�MOB*@CX�Á�M�@CX*M:nI.@LRC@LRCB�T0S�G£RLM·Á�>AP�K·D.RLG � =i>A@CGYF[B
Φ
D.F.G{Á�>AP�KJD.RCGfRL>Ad�@LuwD.Gq� ä0æ b

V
R�r�GHF.X�GHKJI.RCG{S.GqX�GYX

n
¼OM�P�@LM�I.RLGHX b

L
R2rtGYF.X�GYKJI�RLG{S.GqX�GHX0RC@CB�B*TYP�M�D � � S.GHD � RL@�B�B�TYP*MOD � U.M�Pe¼OM�P�@LM�I.RLG �

C
R2rtGYF.X�GYKJI�RLG{S.GqX�GHX0QHR}M�D�X�GYX

v : L→ V
uwD.@<P�GYS�>AF.F.GqR}M·¼OM�P�@}M�I�RLG �

x1 � MOX�X�>?QY@CTYG£M�D�RL@�B�B*THP*M�R � x1

>AD
¬x1 �;�

¥"¦[ç ¨ ± © ± §a¨6è�é ­�ê|� ° ­Hë<� ¦ ©²ª ±��s° �´«W­Y­Y§�� ±�¦ ²ìeí�¶�î�ï�ðLñ_ï�î�ò?ñvå�GHD´Xx�iKZTHB�P�@Cu?D�G~MOX�X�>?QY@CT�ðLñ ´ ñ_ó
GΦò?ô:íWõ¢ð�¸öñ_í�÷²ñ_øZùYðLñ£ò?ñ¶÷f÷_õ�ï�î�õ$ú ¾�û ñ¶÷~ò?ñ�üàß�î�ÂYóWñ ´ ô:óÀñ_ó?ïJñ¶÷_õ

Σ = L ∪ V ∪ C ∪ {f} ýñ_õeò?ô:íWõ
ðLñ¶÷£ó?õ û ð û õ$ú¶÷{÷²ô:íWõe¶Wô²÷²ú¶ñ¶÷z÷²ñ_ðLô:í�ðLñ¶÷Jü¶ô:íaò û õ û ô:í�÷f÷_ó û±â î�íWõ$ñ¶÷~þ
ÿjô:íaò û õ û ô:í�÷ ��õ û ð û õ$ú¶÷
∀l1,2 ∈ L, l1 6= −l2 u1(l

1, l2) = u2(l
2, l1) = 1

∀l ∈ L u1(l,−l) = u2(−l, l) = −2
∀l ∈ L, x ∈ Σ− L u1(l, x) = u2(x, l) = −2
∀l ∈ L, v ∈ V, v(l) 6= v u1(v, l) = u2(l, v) = 2
∀l ∈ L, v ∈ V, v(l) = v u1(v, l) = u2(l, v) = 2− n
∀v ∈ V, x ∈ Σ− L u1(v, x) = u2(x, v) = −2
∀c ∈ C, l ∈ L, l /∈ c u1(c, l) = u2(l, c) = 2
∀c ∈ C, l ∈ L, l ∈ c u1(c, l) = u2(l, c) = 2− n
∀c ∈ C, x ∈ Σ− L, l ∈ c u1(c, l) = u2(l, c) = −2

u1(f, f) = u2(f, f) = 0
∀x ∈ Σ− {f} u1(f, x) = u2(x, f) = 1

� �



× � ¦ §Àª�Ø?����è��
÷ û

(l1, ..., ln)
÷Yî�õ û ÷ ÖHî û õ

Φ
¹�ô��

v(li) = xi

½
� ð]ñ�� û ÷_õ$ñqó?í�ú�ÂYó û ð û ùYï*ñ~ò?ñ�Ý{î:÷àß ¶Wô:ó?ï

GΦ

ò[î�í�÷qðLñ�ÂYóWñ_ðüàß�î�ÂYóÀñ ´ ô:óÀñ_ó?ï ´ ô:óÀñ
li
î â ñ¶üqó?í�ñ\¶aï¶ô�ù¶î[ù û ð û õ$ú 1

n
ý¹ óiõ û ð û õ$úZú¶÷¡¶Wú_ï*ú¶ñ �

1
½	�

Á ¸ óií û ÂYóWñ·î�óiõ�ï*ñ�ú�ÂYó û ð û ùYï*ñJñ¶÷_õVî�õ�õlñ û íWõXÂYó.î�íaòNðLñ¶÷£ò?ñ_ó	� ´ ô:óWñ_óiï*÷ ´ ô:óWñ_íWõ
{f}

�¹ óiõ û ð û õ$úZú¶÷¡¶Wú_ï*ú¶ñ �
0
½	�


���
�
�
�
 ������������������� �"! 4 �#�%$&��� �('���)*�+��,
-+. �?���E���"� =?>A@CB

φ = c1∧c2∧c3
>Ay

c1 = (x∨y∨z) b c2 = (x∨y∨z) b c3 = (x∨y∨z) bRLGYXcKNMOB�P�@LQHGYXcQH>AP�P�GYX�Ua>AF.S.M�F[B*GYXvX�>�FwB0M�RC>AP�X
A =

x x y y z z � � /
c1 c2 c3

Á
x � n � � � � � n � n � n � n � n � n � n �
x

n � � � � � � n � n � n � n � n � n � n �
y � � � n � � � n � n � n � n � n � n � n �
y � � n � � � � n � n � n � n � n � n � n �
z � � � � � n � n � n � n � n � n � n � n �
z � � � � n � � n � n � n � n � n � n � n �
x

n � n � � � � � n � n � n � n � n � n � n �
y � � n � n � � � n � n � n � n � n � n � n �
z � � � � n � n � n � n � n � n � n � n � n �
c1

n � � n � � n � � n � n � n � n � n � n � n �
c2 � n � � n � � n � n � n � n � n � n � n � n �
c3

n � � n � n � n � n � n � n � n � n � n � n � n �
f � � � � � � � � � � � � �
GHB
B = AT =

x x y y z z � � /
c1 c2 c3

Á
x � n � � � � � n � � � n � � n � �
x

n � � � � � � n � � � � n � � �
y � � � n � � � � n � � n � � n � �
y � � n � � � � � n � � � n � n � �
z � � � � � n � � � n � n � � n � �
z � � � � n � � � � n � � n � n � �
x

n � n � n � n � n � n � n � n � n � n � n � n � �
y

n � n � n � n � n � n � n � n � n � n � n � n � �
z

n � n � n � n � n � n � n � n � n � n � n � n � �
c1

n � n � n � n � n � n � n � n � n � n � n � n � �
c2

n � n � n � n � n � n � n � n � n � n � n � n � �
c3

n � n � n � n � n � n � n � n � n � n � n � n � �
f

n � n � n � n � n � n � n � n � n � n � n � n � �

010



kmGcå�>AD.GYD�P � å�>AD�GJRLGHX0RC@LdAF.GHXzM�¼�GYQ�R}MZK�M:B*P�@CQYG£S.G·U.M�@LGHKNGHFwBz\ b�b RCGcå�>�D.GYD.P � å�>AD.G~RLGHXQY>ARC>AF.F.GHXcGHBvX*M�K�M:B*P�@CQYGfS�G£U.M�@LGHKNGHFwBoGHX�B�2 �
3Z¨�« ± ¨|©�ª:§s® °�± © ° ¨ ¦�4s°�± � ±65 ª���®��87�«W­:9�«.ª²© ± ç<;[± �?�c�
¾ �?�����Ãè�À

(f, f)
ñ¶÷_õ¢óií�ú�ÂYó û ð û ùYï*ñ~ò?ñ�Ý{î:÷àß �

Â F`G>=|GHB b RL>�P�X�uwD.G�RLG·å�>AD�GYD.P � å�>AD�G {f} b R2rtD.F.@Cu?D�G�KZGY@CRLRCGYD.P�GhP�TYUa>AF.X�G´S�G � GYX�B�S.GQ¶¡.>A@LX�@LPoR}M�U.RCD.X0d�P*M�F.S�G~QH>AKNUa>AX�M�F[B*G£S.G·RLMZS.GHP�F.@C¸YP�G~QH>ARL>AF�F.G~S�G~\Üp
(−2,−2....,−2, 0)TGHBfS�>AF.QJS.Goå�>AD.GYP0TYd[MORLGYKZGYF[B

{f} � =?�?KZTHB*P�@LuwD.GHKNGHFwB b X�@ � å�>�D.G {f} b R�r�D.F�@LuwD.G·KZGY@CRLRCGYD.P�GP�TYUa>AF.X�GµS.G � GYX�BJS.G�Q¶¡.>�@LX�@CP·RLM´U.RCD.X·dAP�M�F.S.GNQY>AKZUa>AX*M�F[B�G�S.GµRLM´S.GHP�F.@C¸YP�GµRL@CdAF.G�S.G?2 p
(−2,−2....,−2, 0)

GHB·S.>AF.QNS.Gqå�>�D.GYP~TYd[M�RCGYKZGYF[B
{f} �E¹ F�>AI�B�@LGHFwB~RLGHX~U.M�@LGHKNGHFwB�X ��� b � �SWM�F.XoR2rtTYuwD.@CRL@CI.P�G0S.G ä M�X�¡

({f}, {f}) �
@ �j¨���A2« ° ©N��«W­�BH§ ° �wªh®<«W¨E­DC �w©?EÌ�
¾ �?�����Ãè��

� ðsíL¸öñ�� û ÷_õ$ñX¶�î:÷·òÙ¸öú�ÂYó û ð û ùYï*ñ~ò?ñ�Ý{î:÷àß�ò[î�í�÷qðLñ�ÂYóÀñ_ð�óií ´ ô:óWñ_óiï ´ ô:óWñò[î�í�÷
V ∪ C

î â ñ¶üqóií�ñ\¶aï*ô�ù¶î[ù û ð û õ$úf÷_õ�ï û ü_õ$ñ_ø�ñ_íWõ�¶Wô²÷ û õ û±â ñ �
\0D.QYD�F.G~@CX�X�D.GqS.D�å�GHD´F�G£dAM�P*M�F[B�@CBcD.F"B*>OB¶M�RsS�G£dAM�@LFhX�D.U|THP�@CGYD.Pv� � p@ � G � E(u1 + u2|a1 6= f ∧ a2 6= f) ≤ 2 �=i@]>AF�M�X�X�@LdAF.G·D.F.GJU.P�>AIWM�I�@LRL@�B*T£X�B�P�@LQ_B*GHKNGHFwBzU|>�X�@CB�@C¼�G·X�D�PfFsrt@LKZU|>APxB*G~u?D�GYRLRCG·XxB*P*M:B*TYd�@LG·S�G

V ∪ C b >AF�MZMORL>AP�X
E(u1 + u2|a1 6= f ∧ a2 6= f) < 2F RmGHGi@LXxB*GqS.>AF.Q

i ∈ {1, 2}
B*GHRmuwD.G

E(ui|a1 6= f ∧ a2 6= f) = α < 1=iD.U.Ua>AX�>�F.Xou?D�r�@CRmXYr�M�dA@CBeS.GJI$@LK � I b RCG{Q�M�XNMl@OK � I0THB¶MOFwBvXx�iKZTHB�P�@Cu?D�G �
E(u1) < αPr(a1 6= f).P r(a2 6= f) + Pr(a1 = f).P r(a2 6= f) = Pr(a2 6= f) ×
(Pr(a1 = f) + αPr(a1 6= f)) < Pr(a2 6= f) �k<Gjå�>�D.GYD.P � >AIiB*@LGHF[BvM�RL>AP�XeKZ>A@LF.XVS.G Pr(a2 6= f)

M�RL>AP�XeuwDsrt@LRmM�D�P*M�@�Be>AI�B�GYFwD�GHG�M�QHB�GYKZGYF[B
Pr(a2 6= f)

GHF�å�>�DWM�F[B
{f} �

P >AD.XoRLGHXcTYuwD.@LRC@LI.P�GYXcS.G ä M�X�¡�X�>AF[B0��X�D.U�U|>APxB
⊂ L ∪ {f} �

¥ «W¨�­Z� Ú¬� . �?���E�����=iD.U.Ua>AX�>�F.XzuwD.G~RLGeå�>AD.GYD�P � å�>�D.G~RLMZXxB*P�MOB*THdA@LG {x} = (0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0) Q RLGå�>AD.GYD�P � U|GHD�Bf>�I�B*GHF.@LPoD.F´UWM�@LGHKNGHF[B0S�G � UWM�PvR}M�X�B*P�MOB*THdA@LG f GHB0F.G£U|GHD�BzGHX�UaTYP�GYPzuwDsrtD.FUWM�@LGHKNGHF[B
−2

Ua>AD.P�B�>AD�B*GzM�D�B�P�GvX�B*P�MOB*THdA@LGouwD.@aGHGiQYRCD.G
f � k<GvUWM�@CGYKZGYF[BjS.G � GYXxBcM�RC>AP�X −2 bGHBv@LR|S.>A@CBoS�TH¼?@LGHPvRLMJU.P�>�IWM�I.@CRL@CB�TzKZ@LX�G{X�D.P

x
¼�GYP�X0RLMJX�B*P�MOB*THdA@LG

f ��VGYR}M"XYrtTHB�GYF.S�F.MOB*D.P�GYRCRLGYKZGYF[B£Ua>AD.P£GHGiQYRCD.P�G�B*>ADiB*G�XxB*P�MOB*THdA@LGZ�´X�D.U.Ua>AP�B~@LF[B�GYP�X�GYQ_B¶M�F[B
V QR}MhX�@�B*DWMOB�@L>AF¯GHX�B£X�@CKN@CR}M�@CP�G~U|>AD�P{RLGYXqXxB*P*M:B*TYd�@LGYX£�"X�D.U�U|>APxB£@LF[B*GHP�X�GHQHB*M�F[B

C b uwD.@�S.TYP�@C¼�GYF[BS.GcR}MzKSRYKZGeKNM�F.@C¸YP�G¢¼AGHP�X
R}MzXxB*P�MOB*THdA@LG
f
GHB
F.GcQH>AF.S.D.@CX�GHFwB
U.M�X
�fS.GYX�THuwD.@LRC@LI.P�GYX»S.G ä M�X�¡ �

0UT



@ �VA « ° ©JBY§ ° �wªµ� . ; � ° ­ ± ¿a�i�Ã�i¨a©DA0§ ° ®<«W¨�­ ¾ �
¾ �?�����Ãè�é

ä î�í�÷{óiíXW*YYó û ð û ùYï¶ñ£ò?ñ�Ýqî:÷àß ýZsô û õ¢õlô:ó[÷£ðLñ¶÷\[�ô:óWñ_óiï*÷�[�ô:óWñ_íWõjó?í û YYóWñ_ø�ñ_íWõVò[î�í�÷+] ýZsô û õ
õlô:ó[÷~ðLñ¶÷\[�ô:óWñ_óiï*÷�[�ô:óWñ_íWõjó?í û YYóÀñ_ø�ñ_íWõ
{f}

�
=?D.U.Ua>AX�>AF�X0uwD.GqRLGHXoS.GYD^G~å�>AD.GYD�P�XvM�@LGHF[B0D�F�X�D.U.Ua>AP�BvuwD.@<@LF[B�GYP�X�GYQ_B*G

L
GHB
f Q

E(u1) ≤ Pr(a1 ∈ L).P r(a2 ∈ L) − 2Pr(a1 ∈ L).P r(a2 = f) + Pr(a1 = f).P r(a2 ∈
L) = Pr(a2 ∈ L)− 2Pr(a1 ∈ L).P r(a2 = f) < Pr(a2 ∈ L) �k<G·d[M�@LF�S.D�å�>AD.GYD�P � XYrt@LR]F�r�M�¼OM�@CB
å�>AD.T�uwD.G f MOD.P*M�@�BfT_B*Thp

E(u1) = 1 − Pr(a2 = f) =
Pr(a2 ∈ L) b S�>AF.QqX�B�P�@LQ_B*GHKNGHFwBvKZGY@CRLRLGHD.P �

¥ «W¨�­Z¨�§W©²ª���� . �?���E������ M�F.XmD.F�G¢X�@CB�DWMOB*@C>AFf>Ay{RCGYXmS.GHD^GVå�>AD�GYD.P�Xiå�>AD.GYF[B<THu?D�@LU.P�>AIWM�I.RCGYKZGYF[B
x
GHB
f b @ � G � (1

2
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1

2
)RLGYXcU.M�@LGHKNGHFwB�XoGYX�UaTYP�TYXvX�>AF[BvX��?KZTHB�P�@LuwD.GHXqp

E(u1) = E(u2) = 1
2
× (1.1

2
− 21

2
) + 1

2
× (1.1

2
+ 0× 1

2
) = 0

¹ FµP�GYKNM�P�uwD.G0uwD.GfX�@aRLG�å�>AD.GHD.P � å�>�D.G0D�F.@LuwD.GHKNGHFwB f b X�>AFµU.M�@LGHKNGHFwBjS.G_¼i@CGYF[B 1
2

S.>AF�QX�B*P�@LQ_B*GYKZGYF[BoKZGY@CRLRLGHD.P � k<M�U.P�GHD�¼AG£S.D"RLGHKNKZGzKZ>AF[B*P�G{uwD.GqQYGqU.¡.THF.>AKZ¸YF.G{XHr�>AI�X�GYPx¼AG~I.@LGHFQ¶¡WM�uwD.GqÁ�>A@LXeuwD.G£RLGHXcS.GYD�G�X�D.U.Ua>APxB*Xo@LF[B*GHP�X�GYQHB�GYF[B
L
GHB
f �¹ F´M�P�P�@C¼�G{S.>AF.Q£�hpP >ADiB Â uwD.@CRL@LI�P�GfS.G ä M�X�¡ b MOD�B*P�G£uwD.G � Á b Á �_b M�X�>AF´X�D.U.Ua>AP�BvSWMOF.Xvk �

_ ¨ ± A §ÀªO� ± © ¦ ­ ° ª ¾ ��§ ° ª ° ¨�« ° ©�ª:� ¦�4s°E± � ±65 ª��
¾ �?�����Ãè�`

ä î�í�÷qó?íXW*YYó û ð û ùYï*ñ~ò?ñ�Ý{î:÷àß � ÷_óbaUaWô:ï�õeò[î�í�÷J] ý ∀i, j
P r(ai = lj) + Pr(ai = lj) = 1

n� M�F.X
D.F�TYuwD.@CRL@LI�P�Gc�fX�D.U.Ua>AP�B
SWMOF.X
L b R2rtD�B*@CRL@CB�TjGHX�UaTYP�TYGoS.GoQ¶¡WM�uwD.G]å�>AD.GHD.P�GYXxBjM�D�U.RLD�X�%�=i@

Pr(a1 = lj) + Pr(a1 = lj) <
1
n

M�RC>AP�XVRLGjå�>AD.GHD.P �ib GHF�å�>�DWM�F[BoD.F.@Cu?D�GYKZGYF[B v(li) UaGYDiBMOB�B�GYF.S.P�G·p
E(u2) >

1
n
(2−n)+ n−1

n
2 > 1 b QYG0u?D�@|GHX�BeGHF�QH>AF[B*P*MOS.@LQ_B*@L>�F�M�¼AGHQfR}MqU.P�GYKZ@L¸YP�GP�GYKNM�P�u?D�G �

¥ «W¨�­Z� Ú¬� . �?���E������ M�F.X0RLG£Q�M�X0>Ay�RLGHX0S�GYD^G�å�>AD.GHD.P�X�å�>AD.GYF[B
x
GHB
z
M²¼�GYQJS�GYXzU�P�>AIWMOI.@LRC@CB�TYX 1

4

GHB
y
M�¼�GYQJD.F�G

U.P�>AI.M�I.@LRC@CB�T 1
2

P�GYU.P�TYX�GYF[B¶M�I�RLG£UWM�PoR}MJXxB*P*M:B*TYd�@LG
(1

4
, 0, 1

2
, 0, 1

4
, 0, 0, 0, 0, 0, 0, 0, 0) b kmGYXvUWM�@CG_nKNGHFwB�X]X�>AF[Bcp

E(u1) = E(u2) = 1
4
(11

4
+11

2
+11

4
)+ 1

2
(11

4
+11

2
+11

4
)+ 1

4
(11

4
+11

2
+11

4
) = 1 �k<GqP�TYX�D�RCB¶M:BvM�D.P*MO@CBcT_B*TqX�@CKN@CR}M�@CP�GvU|>AD�P � å�>�DWM�F[BvTYuwD.@LU�P�>AIWMOI.RLGHKNGHFwB x b y GHB z �� >AD.PxB¶M�F[B
RC>AP�X�u?D�GvRCG�å�>AD.GHD.P � X�GoKZGHB
�jå�>AD.GHP�D.F.@Cu?D�GYKZGYF[B x b S.>AF.QcD�F.GoS.GYX
UWM�@CP�GHX»S.GoRL@�B�nB*TYP�M�D^GJ@LF.X�D�cZX*M�KZKNGHF[B
U|>AF�S.TYP�TYG b RCGYX»U.M�@LGHKNGHFwB�X�S.GH¼?@CGYF.F.GHF[B0p E(u2) = −1

4
+21

2
+21

4
=

5
4
> 1

G_B
E(u2) = −2 b GHBvF.>AD.XoF.GqX�>AKNKZGYXcS�>AF.QqUWM�XoSWM�F�XvD�F.GqX�@CB�DWMOB�@L>AFhSsrtTYuwD.@CRL@CI.P�G �

01d



@ �j¨���A2« ° ©N��«W­�BH§ ° �wª ° ¨�� ± ©�© ¦ ª�«W�
�[©�­H§|¨�§À����§a­ ¦
¾ �?�����Ãè�e

ä î�í�÷qó?íXW*YYó û ð û ùYï*ñ~ò?ñ�Ý{î:÷àß � ÷_óbaUaWô:ï�õeò[î�í�÷J] ý ∀i, j
P r(ai = lj)× Pr(ai = −lj) = 0

=iD.U.Ua>AX�>�F.XoGYF�G>=|GHBvuwD.G
Pr(ai = lj) > 0

GHB
Pr(ai = −lj) > 0 QM�RL>AP�X

E(u1) = Pr(a1 6= a2) − 2Pr(a1 = −a2) < 1
U�D.@LX�u?D�G

Pr(a1 = −a2) > 0 � RCGå�>AD.GYD�P �Ab GYFfå�>ADWMOFwB�ÁsM�D.dAKZGYF[B�GYP*MO@CB
M�RC>AP�X]X�>AFZD�B*@CRL@�B*T Q @LRiGYX�BjS.>AF�Qcd[M�P*MOFwB�@CB�uwDsrt@LR�Fsr�GfGi@LX�B�GUWM�XmSsrtTYuwD.@CRL@LI�P�G»>AyqD.FVå�>AD�GYD.PmD�B�@LRC@LX�GHP*M�@�B�D�F£X�D.U.Ua>AP�B<QH>AF[B*GHFWM�F[B�D.FqRL@CB�B*THP*M�R:GHB�X�>�F£>�U.U|>�X�T �
¥ «W¨�­Z� Ú¬� . �?���E�����=i@]RCGoå�>AD.GHD.P � å�>�D.GJR}MNX�B*P�MOB*THdA@LG (1

6
, 1

6
, 1

3
, 0, 1

3
, 0, 0, 0, 0, 0, 0, 0, 0)

G_B{RLGcå�>AD.GHD.P � RLM�X�B�P*M:nB*TYd�@LG
(1

3
, 0, 1

3
, 0, 1

3
, 0, 0, 0, 0, 0, 0, 0, 0)

M�RL>AP�XeRLG{U.M�@LGHKNGHFwBoS�G � GYXxB
E(u1) = 1

6
(1

3
+ 1

3
+ 1

3
) + 1

6
(−2

3
+ 1

3
+ 1

3
) + 1

3
(1

3
+ 1

3
+ 1

3
) + 1

6
(1

3
+ 1

3
+ 1

3
) = 5

6
< 1S.>AF.QqUWM�XoS.GqUa>AX�X�@LI.@CRL@�B*TzS�r�THu?D�@LRL@CI.P�G b U.D�@LX�uwD.G � S.TH¼?@CGYP*MO@CBoX�D�PvRLMJX�B�P*MOB�TYdA@CG f �

� M�F.XJD�F�TYuwD.@LRC@LI.P�GNS�G ä M�X�¡�uwD.@VF�r�GHX�B�UWM�X
(f, f) b Ua>AD.P£B*>AD�B i b X�>A@�BJRCGYX·S�GYD^G�å�>AD.GYD�P�Xå�>AD.GYF[B

li
M�¼AGHQ~U.P�>AIWM�I�@LRL@�B*T 1

n
b X�>A@CBoRCGYXcS.GHD^GJå�>AD.GHD.P�X]å�>AD.GHF[B −li M�¼AGHQ~U.P�>AIWM�I�@LRL@�B*T 1

n
�

¾ �?­ ¦�4s°E± � ±65 ª��i­hg ­ ° ����§Àª²©^®<«W¨�­ ¾ ­Y§a¨|© �?¨ 5E± BH� ; © ± §a¨ «w¿a� ; ���?­�«�i
� ; ©²«i© ± §a¨�­­Y«�© ± ­jA « ± ­Y«W¨a©���«kA §Àª:� ° ������§ml ±64s° �
¾ �?�����Xnpo

Z û
φ
í%qöñ¶÷_õra�î:÷{÷Yî�õ û ÷ ÖHî û ÷Yî[ùYðLñ ý î�ðLô:ï*÷ (f, f)

ñ¶÷_õ
ðsq óií û YYóWñ£óiíXW*YYó û ð û ùYï*ñ~ò?ñ�Ýqî:÷àß �
=?D.U.Ua>AX*M�F[B£uwD.GZRLGYXqS.GHD^G�å�>AD�GYD.P�X~S.>�F.F.GYF[B£S.GHX~U.P�>AIWM�I�@LRL@�B*THX 1

n

M�DºKtRHKNG�GHF.X�GHKJI.RCGS.GµRL@�B�B�TYP*MOD^G
(l1, ..., ln)

M�¼AGHQ
∀i

p
v(li) = xi b K�M�@CX~uwD.G�QYGYX�RC@CB�B*TYP�M�D^G�QH>AF.X�B�@CB�D.GYF[B�D.F�GMu=�GHQHB*MOB*@C>AFhuwD.@<F.GqX*MOB�@LX�Á�MO@CBeU.M�X

Φ �F RmGHGi@LXxB*GqS.>AF.QqD.F�G£QHR}M�D�X�G
c
B*GHRLRCGfuwD.G

∀j, lj /∈ c �=i@mRLG¢å�>�D.GYD.P � P�THS.D.@�B0X�M�X�B*P�MOB*THdA@LGq��QYG_B�B�G£QHR}M�D�X�GqQ b @CR�>AI�B�@LGHF.S.P*M�D.F�G~D�B�@LRC@CB*T �l�
¥ «W¨�­c�@Ú�� . �?���E��� =i@�RLGYX�S.GYD^Gjå�>AD.GYD�P�X�å�>AD.GHFwB<RLMVX�B�P*MOB�TYdA@CG

(1
3
, 0, 1

3
, 0, 1

3
, 0, 0, 0, 0, 0, 0, 0, 0) bRLGYXcU.M�@LGHKNGHFwB�XoX�>AF[B � �Ab����Q�k�M�QHR}M�D.X�G

c2
FsrtGYXxBzU.M�XcX*MOB�@LXxÁ�M�@CB�G Q X�@mRLG¢å�>AD�GYD.P � F.Gjå�>AD.G{U�RLD.XcuwD.G£QYG_B�B*GqQHR}M�D.X�G c2 M�RC>AP�XX�>AF�UWM�@CGYKZGYF[BoS.GH¼?@CGYF[B£p

E(u2) = 1
3
2 + 1

3
2 + 1

3
2 = 2

MORL>AP�X£uwD.GNRLGfå�>AD.GHD.P � FsrtGYX�Ua¸YP�GµU.RCD.X~uwD.G −2
GHB~F.>AD�X·F.GX�>AKZKNGHXcUWM�XoX�D�PvD�F´THu?D�@LRL@CI.P�GzS.G ä M�X�¡ �

=|r�@CRLX�å�>AD.GHF[BjB�>AD.X¢S.GYD^G
(1

3
, 0, 1

3
, 0, 0, 1

3
, 0, 0, 0, 0, 0, 00) b >AFµMqD.FµTHu?D�@LRL@CI.P�GcS�G ä MOX�¡�S�r�D�B�@�nRL@CB�TYX

(1, 1)
QH>AP�P�GYX�U|>AF�SWM�F[B£�µR2r�Mu=|GYQHB*MOB*@C>AF

x = x b y = y
GHB
z = z

uwD.@»X�MOB*@CX�Á�M�@�BfI.@CGYF¯R}MÁ�>AP�KJD�RLGfRC>AdA@LuwD.G
Φ �

01v



Î �NÏþñ ß òqÙ!ò ù·ù]ó Ð Ù ÑoÚxw�Ô Ø á Ù ÑoÚ â"Ù�ò øÌùHyoã ÑoÚ Þ ò Ò�á ÙTó ÐHÒ�á�Úà%{z Õ
Û ØµÙ Ú

¹ F"M�U�U|GHRLGYP�M�ñ¶÷|aWú_ï�î�í�ü¶ñ0÷²ô²ü û î�ðLñzR2rtGYX�U|THP*M�F�QYG{S.GfRLM·X�>�KNKZGzS.GHXcD�B*@CRL@�B*TYX
@CF.S.@C¼?@CS.D.GYRCRLGHX �
E·§Àª�§a����« ± ª��¯é

�h}_ø�ñ*aWô:óiïqðLñ¶÷�[�ñ_óu� � ò?ñ_óu�+[�ô:óÀñ_ó?ï*÷f÷H~Oø�ú_õ�ï û YYóÀñ¶÷ ý û ð]ñ¶÷_õ Ý��N�xò�ó?ï~ò?ñ~ò?ú_õ$ñ_ï_ø û í�ñ_ï÷pq û ð]ñ�� û ÷_õlñ{óií�úsYYó û ð û ùYï*ñ~ò?ñ�Ýqî:÷àß�ò�qöñ¶÷|aWú_ï�î�í�ü¶ñ0÷²ô²ü û î�ðLñ~î�ó´ø�ô û í�÷
k �� ø�}_ø�ñ�YYó�î�íaò

k
ñ¶÷_õ
ðsqöñ¶÷|aWú_ï�î�í�ü¶ñf÷²ô²ü û î�ðLñqøZî:� û øZî�ðLñ�YYó û aWñ_ó?õ�}_õ�ï*ñ�ô�ùYõlñ_íWóWñ~ò[î�í�÷qðLñ�[�ñ_ób�

E·§Àª�§a����« ± ª��X`��}_ø�ñ�aWô:óiïcðLñ¶÷%[�ñ_ó	� � ò?ñ_ó	��[�ô:óÀñ_ó?ï*÷e÷H~:ø�ú_õ�ï û YYóWñ¶÷ ý ðLñ¶÷<aaï*ô�ùYð Ü_ø�ñ¶÷¢÷_ó û±â î�íWõ ÷e÷²ô:íWõLÝ����xò�óiï*÷� ä ú_õlñ_ï�ø û í�ñ_ï0÷pq û ð]ñ�� û ÷_õ$ñ*aað ó[÷·ò�q óiíXW � Ý �
� ä ú_õlñ_ï�ø û í�ñ_ïo÷pq û ðEñ�� û ÷_õlñfóií�W � Ý � a�î�ï*ñ_õ$ô�ô�aaõ û øZî�ð � ò?ú â²û î�õ û ô:í ⇒ ô:óDaað ó[÷{ó?í�[�ô:óWñ_óiïü¶ô:í�÷²ñ_ï â ñfóií�a�î û ñ_ø�ñ_íWõ»÷_óbaWú_ï û ñ_óiï��
� ä ú_õlñ_ï�ø û í�ñ_ï0÷pq û ð]ñ�� û ÷_õ$ñqó?íXW � Ý � ò[î�í�÷qðLñsYYóWñ_ðmðLñ\[�ô:óWñ_óiï���[�ô:óWñ�a�î�ï±Ö�ô û ÷ x ∈ Σ1� ä ú_õlñ_ï�ø û í�ñ_ï0÷pq û ð]ñ�� û ÷_õ$ñqó?íXW � Ý � ò[î�í�÷qðLñsYYóWñ_ðmðLñ\[�ô:óWñ_óiï���í�ñ\[�ô:óWñ�[Hî�øZî û ÷ x ∈ Σ1

Î �NÏ�� � ØµÙ Ñeá õ âfò·ØµÙSù ÑoÚ Ót���
¥"¦[ç ¨ ± © ± §a¨6è�`��f�r�t�X� ìeí�a�î�ï�ðLñ_ï�î"ò?ñN=^2�� � Z û ø+aaðLñ�� û øZî�õ�ï û �k�oî�ø�ñ|��aWô:ó?ï£ðLñ¶÷N[�ñ_óu�� ò?ñ_óu��[�ô:óWñ_óiï*÷qò[î�í�÷fðLñsYYóWñ_ð�÷fðLñ¶÷£ú_ðLú_ø�ñ_íWõ ÷qò?ñ¶÷zøZî�õ�ï û ü¶ñ¶÷{ò�q óiõ û ð û õ$ú¶÷z÷²ô:íWõ¢ò?ñ¶÷£ú_ðLú_ø�ñ_íWõ�÷{ò?ñ
{0, 1}

�

� M�F.XZRLG"Q�M�XZS.GHXµ=�2*� b >AFÄUaGYD�BNKN>�FwB�P�GHP � ¼A>A@CP ���c= � �u¡}� uwDsrt@LRcGHX�B äz� n$QH>AKNU�RLGHB�S�GS.TYQH@LS.GHPvXHr�@CRsGHGi@CX�B*GqU.RCD.XoSsrtD.F´THuwD.@LRC@LI.P�GfS.G ä M�X�¡ �k�MÃS.@¢cZQYD�RCB*T´GYXxBhR}M�KtRHKNG´U|>AD�P�S.THQY@LS�GYPµS.G�R2rtGHGi@LXxB*GYF�QYG�SsrtD.FÆTHu?D�@LRL@CI.P�G�S.G ä M�X�¡ÆuwD.@M�X�X�D.P�GJD�F¯UWM�@LGHKNGHF[BfM�D¯KZ>A@CF.X
k
U|>�D.PzRCG~X�GYQY>�F.S�å�>AD.GYD�P b KtRHKNG~U|>AD�PzD.Fº=^2�� X�>AD.X{RLMÁ�>AP�KZG

(I, A) �

T �



£ ¤¦¥¨§ª©¬«�­�® ¯±°

² ³�´ ©mÈ�©rµ¦­�®·¶ ¥�¸¹®·º ­»®�¶S«�­»©�º¼«�©r½(¾¦¶ ¿À® ºÄÈ�¥Á¶?¶�®·¶
¿À® ¶S«�­X¥#«�Ê^Ë"©r®·¶

Î*Â Ï Î ÖÄÃZØ Ð>Å_Ð>Æ Ù Ñ Ù ÑoÚmá Ù ÑcÐHÒ�á ÑeáÈÇ ÐfÉ�Ð_á õ
ä >AD.X~M�RLRC>AF.XfU�P�TYX�GYF[B*GHP·RLM"X�@CB�DWMOB*@C>AF¯SWM�F�X£RCG�Q�M�XqS.Gfå�GYD^GÃ�hS.GHD^Gµå�>AD.GHD.P�X b RLGYXq@CS.TYGHXX�>AF[BvR}M�P�dAGYKZGYF[Bc@CF.X�U�@LP�THGYXoS.GS�ËÊ�Ì ä = ¡+�

¥"¦[ç ¨ ± © ± §a¨6è�e�� -J4s°E± � ±65 ª��´®<��7�«W­:9�ª��?­H©²ª�� ± ¨a©	�
Zsô û ñ_íWõ

Π1

ñ_õ
Π2

� ò?ñ¶÷�ü_ð�î:÷¶÷²ñ¶÷µò?ñZ÷_õ�ï�î�õlúÎÍ û ñ¶÷�ï*ú�ò�ó û õ$ñ¶÷|�¯ò?ô:íWí�ú¶ñ¶÷ ý ó?íÆúsYYó û ð û ùYï*ñhò?ñtÏ{î:÷�Ðï¶ñ¶÷_õ�ï*ñ û íWõoñ¶÷_õ¢ó?í�ñ*a�î û ï*ñ
(π∗

1, π
∗
2) ∈ Π1 × Π2

õlñ_ð ðLñ�YYóWñ·þ
∀π1 ∈ Π1, π

∗T
1 Rπ∗

2 ≥ πT
1 Rπ

∗
2

∀π2 ∈ Π2, π
∗T
1 Cπ∗

2 ≥ π∗T
1 Cπ2

¥"¦[ç ¨ ± © ± §a¨·npo·�fE·��§W© ° ª��´� ±L. ©²�Ñ�
Π ý ó?í�ñJü_ð�î:÷¶÷²ñqï*ñ¶÷_õ�ï*ñ û íWõ$ñ·ò?ñ{÷_õ�ï�î�õ$úÎÍ û ñ¶÷ ý ñ¶÷_õVò û õlñ·QYRC>AX�GqUWM�PcKZ@ÒG�M�d�G�÷ û
∀π, π′ ∈ Π

ñ_õ
∀α ∈ [0, 1]

ô:íºîhþ
απ + (1− α)π′ ∈ Π

-�. �?���]���´®��
Π
�
Gaussk=i>A@CBeR}M�S.GYF�X�@CB�Tqd[M�D.X�X�@LGHF.F.G � S�G£KZ>²�AGHF.F.G

µ
G_BvS.G{¼�MOP�@}MOF.QYG

σ2 �
N(p|µ, σ) = 1√

2πσ
e−

(p−µ)2

2σ2 �k�M�QHRL>�B�D.P�G{KZ@ÒG?B*G{S�G�Ó�d[M�D.X�X�@LGHF.F.GHXvGHX�B
Π(p) = Σk

i=1ωiN(p|µi, σ
2
i )
M�¼AGYQ

ωi ≥ 0
G_B

Σk
i=1ωi = 1

T �



Ô 9 ¦ §ÀªÖÕ?����è�é
�oô:óiï£ó?í�[�ñ_ó�×hò?ñ_óu�+[�ô:óWñ_óiï*÷Jñ_õeò?ñ¶÷Jü_ð�î:÷¶÷²ñ¶÷~ò?ñf÷_õ�ï�î�õlúÎÍ û ñ

Π1

ñ_õ
Π2

ò?ô:íWí�ú¶ñ¶÷
Z û

Π1

ñ_õ
Π2

÷²ô:íWõ¢õlô:ó[÷£ðLñ¶÷~ò?ñ_óu�´ü¶ô:ø+a�î?ü_õ�÷·ñ_õoü_ðLô²÷*a�î�ï{ø û �wîbÍ?ñ
Ø ðLô:ï¶÷{ðLñ�[�ñ_óDaWô²÷¶÷bÙ�ò?ñ{óií�úsYYó û ð û ùYï*ñ~ò?ñ�Ïqî:÷�Ðhï¶ñ¶÷_õ�ï*ñ û íWõeò[î�í�÷{ðLñ¶÷�ü_ð�î:÷¶÷²ñ¶÷~ò?ñf÷_õ�ï�î�õ$úÎÍ û ñ¶÷·ò?ô:íWí�ú¶ñ¶÷ �

d
k�MÄU.P�GHD�¼AG�S.G ä M�X�¡6UWM�P�RLGºB*¡.TH>AP�¸HKNG�S.DgUa>A@LF[B"½�GiG � 2VP�>AD[¤jGYP´>AD#ÊqM	ÓwD�B*M�F.@ �XYr�M�SWM�U�B�G£��QHGqQ�M�X � RCGYX

Π
U.P�GHFWM�F[BvRLG{P�ÚARLGfS�GYXvX�B*P�MOB*THdA@LGHXcU.D.P�GYX �

b∇

¥"¦[ç ¨ ± © ± §a¨·nmèÛ�fE·��«W­�­Y��� ±L. ©²�Ñ�
Π ý ó?í�ñJü_ð�î:÷¶÷²ñqï*ñ¶÷_õ�ï*ñ û íWõ$ñ·ò?ñ{÷_õ�ï�î�õ$úÎÍ û ñ¶÷ ý ñ¶÷_õVò û õlñ·QYRLM�X�X�G£KZ@ÒG?B�G�÷ ûaWô:óiïqó?í

k Ü í û ñ_õVò?ñ¶÷~ò û ÷_õ�ï û ùYó?õ û ô:í�÷ p1, ..., pk

õlñ_ð�÷�YYóWñ
Π
ñ¶÷_õcü¶ô:ø+aWô²÷²ú£ò�qöñ��wî?ü_õ$ñ_ø�ñ_íWõ
ðLñ¶÷ø û �wîbÍ?ñ¶÷£ò?ñ¶÷

pi

�� û6� ñ �
Π = {π : πa = Σiωipi(a), ωi ≥ 0

ñ_õ
Σiωi = 1}

� �
� M�F.XµR�r�GfG�GHKNU�RLG

Gaussk b >�F�GYXxBµSWM�F�XµQYG_B�B*G�X�@CB�DWMOB�@L>AFÄU|>�D.P
k b µi

GHB
σ2

i

½�GiTYXµG_BRL>AP�X�uwD.GqRLGHX
ωi

X�>AF[BzRCGYXcUWMOP*M�KZ¸HB�P�GYXcRC@LI.P�GYXcS.GqRLMJQYR}MOX�X�G �
Ô 9 ¦ §ÀªÖÕ?����è�`

�oô:óiïqó?íÝ[�ñ_óX×hò?ñ_óu�+[�ô:óWñ_óiï*÷�ñ_õVò?ñ¶÷Jü_ð�î:÷¶÷²ñ¶÷~ò?ñf÷_õ�ï�î�õlúÎÍ û ñ¶÷
Π1

ñ_õ
Π2

ò?ô:íWí�ú¶ñ¶÷
Z û

Π1

ñ_õ
Π2

÷²ô:íWõjò?ñ¶÷�ü_ð�î:÷¶÷²ñ¶÷fø û �Aõlñ¶÷
Ø ðLô:ï¶÷{ðLñ�[�ñ_óDaWô²÷¶÷bÙ�ò?ñ{óií�úsYYó û ð û ùYï*ñ~ò?ñ�Ïqî:÷�Ðhï¶ñ¶÷_õ�ï*ñ û íWõeò[î�í�÷{ðLñ¶÷�ü_ð�î:÷¶÷²ñ¶÷~ò?ñf÷_õ�ï�î�õ$úÎÍ û ñ¶÷·ò?ô:íWí�ú¶ñ¶÷ �

d
=iD.U�U|>AX�>AF.Xju?D�G

Π1

� P�GYX�U � Π2 � GYXxBVS�>AF.F.TvUWM�P p1
1, ..., p

1
k1

� P�GYX�U
p2

1, ..., p
2
k2
�_b RCGEå�>AD.GYD�P

i
Ua>AX�X�¸YS.G

ki

M�QHB�@L>AF.XjGHBVRLGYXjK�M:B*P�@CQYGHXjS.G0UWM�@CGYKZGYF[B*XNÞ Ua>AD.PjRLG»å�>AD.GHD.P � � P�GHX�U � �^U|>AD�PVRLGå�>AD.GYD�P �A�;�k<>�X�uwD.G�RLGoå�>AD.GYD�P � å�>AD.G i G_B{RLGvå�>�D.GYD.P � å�>�D.G j b >AF¯U.P�>AUa>AX�G�RCGJF.>AD�¼�G�M�D�å�GHD�S�>AF[B{RLGHXUWM�@LGHKNGHF[B*XcX�>�FwBvS.>�F.F.TYXvUWM�P{p
Ri,j = Ea1vp1

i ,a2vp1
j
Ra1,a2

GHB
Ci,j = Ea1vp1

i ,a2vp1
j
Ca1,a2 �

� M�F.X¢RLGoF.>AD�¼�G�M�D{å�GYD b Q¶¡WMOu?D�G�å�>AD�GYD.Pså�>AD.GoD.F.GvQY>�KNUa>AX*MOFwB�GoKN@ßGiB�G b G_B¢RLGYX¢UWM�@CGYKZGYF[B*XX�>AF[BvRLGHXcGYX�UaTYP�GYF.QHGYXf@CX�X�D.GYXoS.GqQY>�KNUa>AX*MOFwB�GYXoQ¶¡.>A@CX�@CGYXoSWM�F.XoRCGjå�GYD�>AP�@CdA@LFWMOR �� M�F.XeRLM·F.>ADi¼AGYRCRLG �
k1× k2 � KNMOB�P�@LQHG0S�G¢å�GYD b >AF"M·R�r�GfG�@CX�B�GYF.QHG � UWM�PjRLGvB*¡.TH>AP�¸HKNGfS�G ä M�X�¡QYR}MOX�X�@CuwD.G � SsrtD.F.G£UWM�@CP�G{S.G ä M�X�¡�F.>AF"P�GHX�B�P�GY@CF[B*G � ω1, ω2 �;�¹ P b ω1

� P�GYX�U � ω2 � S.M�F.XvRLGVå�GYD´KN>?S.@C½.T{QY>AP�P�GYX�U|>�F.S���D.F.G£X�B�P*MOB�TYdA@CG£S.M�F.X Π1

� P�GHX�U � Π2 �SWM�F.XoRLGjå�GHD´@CF.@CB�@}M�RÀU.D�@LX�uwD.G
Π1

� P�GYX�U � Π2 � QH>AF[B*@LGHF[BvB�>AD�B�GYXoRLGHXvQH>AKZU|>AX�M�F[B*GHXvKZ@ÒG?B�GYX �
b∇

T �



Î*Â Ïáà âÌÒhÑ âhÙ Ñ ã Ð yeÙ ÑxÅ_Ð ã Ð_á<Ñ
F|ã\ä>å�æ�çéè	åsåsê¢ëÑãìäDí�äSî>è1ïÑå�æáðsñ�êìðsäòñÑï�ä G äjóSçÑã¢äSíÑô	ïÑåõãìä>ö�ñ�äjã\ãÎ÷ËñÑïÑê¢öøñÑäòùjöøñÑêìã¢êìëÑð�äÝíÑäNä+ô	å ¡

ðsäjå�æáð�äjêìïUæ�ïr÷úô	çÑçÑð�è G ê¢ótäõôuñÑîjñÑï�ùjöøñÑê¢ãìê¢ëÑðsäJí�ä~ä�ô	å ¡ ïÑè1ï�û|ðsä>å�æsðsäjê¢ïUæ�ü
ý�ð�äjïÑè	ïÑå

R =









1 0 0 0
1 0 0 0

1− ε1
2

1− ε1
2

1− ε1
2

1− ε1
2

1 1 1 + 2ε2 1 + 2ε2









2

ý�è1åsè	ïÑå
C = RT þ πa = [1− ε1, ε1, 0, 0] þ πb = [0, O, 1, 0]

ä>æ
Π1 = Π2 = {πa, πb} �¹ ï ð�äjótô	ðsöøñÑäòüÿ �

πa, πb � äjå�æ+ñÑï�ä ε1 û|çpô	ê¢ðsäJí�ä~ä�ô	å ¡ � í�ä�çÑô	êìä>ótä>ïøæså 1− ε1 �;�ÿ�� ñpô	ïÑí ãìä å è	ñÑäjñÑð����6ð�äjå�ç ���	� å è1ñÑä πb þ êìãrð�äjîjè	ê¢æ�å�æsðsê¢î>æáä>ótä>ïUæ�çÑãìñÑå Á ô	î>ä � πa�
1− ε1

2
�;�ÿ�
 äjå�çpô	ê¢äjóSäjïUæáå�å�è1ïUæ�è	ë�æáä>ï�ñ�å�çpôuð�ãÎ÷ËñÑïÑêìöøñÑä�çÑô	êìð�ä�íÑä£ä+ô	å ¡ ð�äjå�æsðsä>êìïUæáäòü (πb, πb) �ÿ (πb, πb)
ïr÷Ëäjå�æ+çÑô	å�ñÑïÑä

ε2
û|çÑô	êìð�äJíÑä£ä+ô	å ¡ îjô	ð�ãìä�çpôuêìäjóSäjïUæ�ç¬äjñ�æ�çÑô	åså�äjð �

1 + 2ε2 �ÿ�� ä ¼ äjî>æsäjñÑð [0, 0, 0, 1]
� ôuî>æáê¢è1ï�
 � í�è1ótê¢ïÑäDíÑè1ï�î�å�æsðsê¢î>æáä>ótä>ïUæ πb

ír÷Ëè	�±ü�ñ�ïÑä�çpôuêìðsä�6ïÑè	ï?ðsäjå�æáð�äjêìïUæsä � íÑäqä�ô	å ¡ ïÑä�ç¬äjñ�æ�ô	åså�ê��1ïÑä>ð�ñÑïÑä�çÑð�è1ëpô	ë�êìãìêÒæáù�å�æsðsêìîHæáä>ótä>ïøæ*çéè1å�ê¢æsê ¼ ä� ãÎ÷úô	î>æsêìè1ï�� �ÿ πb
äjå�æJô	ã¢è1ðså � í�êìå�æáô	ïÑî>ä���íÑä�æáè	ñ�æáä�çpôuêìðsä�í�ä~ä�ô	å ¡ ïÑè1ï�ðsä>å�æsðsäjê¢ïUæáä �

Î*Â Ï�� Ö É âhÙ ÑoÚ<ÚmÐ Ý Ð�á õ Ú Ø�� Ú��£Ò�á<Ñ â��·ØµÙ á Ù �£Ð�á<Ñ Ù Å���� â"âhÙ � ÉµÐ Õ
ã �qá<Ð � Ò

!�"[ç #%$'&($*)+# nmn��fE-,*.0/1/324/15768/3.09:9:2 #�&<;=$6; 9>2Ñ�
Zsô û ñ_íWõ

Π1 ý Π2

ò?ñ¶÷{ü_ð�î:÷¶÷²ñ¶÷cï¶ñ¶÷_õ�ï*ñ û íWõlñ¶÷vò?ñc÷_õ�ï�î�õ$úÎÍ û ñ¶÷ ý ñ_õ ε > 0
� ìeí"ò û ï�îDYYóÀñ

Π1

ñ¶÷_õ å�ñ c û
åáô	óSäjïUæ*ð�êìî@?Ñä ÷ û ñ_ð ðLñ�aWñ_ï�ø�ñ_õ
ò�q îHaUaaï*ô²ü�ÐWñ_ïvóiíòa�î û ñ_ø�ñ_íWõ

ε
�ìaaï*ô²ü�ÐWñ{ò?ñfð�î�ø�ñ û ð ðLñ_óiïvï*ú|aWô:í�÷²ñ� í�ô:í�ï*ñ¶÷_õ�ï*ñ û íWõ$ñ|�t×�õlô:ó?õ$ñ£÷_õ�ï�î�õlúÎÍ û ñ£ò?ñ

Π2

�
� û6� ñ �

π2 ∈ Π2, ∃π1 ∈ Π1

õ$ñ_ð�YYóWñ
∀π′

1 : π
′T
1 Rπ2 ≤ πT

1 Rπ2 + ε
� �


 ä>æsæsäõíÑùBApï�ê¢æáê¢è1ï ïÑè1ñÑå�ç¬äjð�ótäHæ�ír÷ ô c ð�ótä>ð�ü
Ô 9 "C)D; ÕC9:2�è�e

�vô:ó?ï
Π1 ý Π2

ñ_õ
ε
ò?ô:íWí�ú¶÷

Z û
Π1

ñ_õ
Π2

÷²ô:íWõ�÷_óFE�÷Yî�ø�ø�ñ_íWõ
ï û ü�ÐWñ¶÷*aWô:ó?ï�ü¶ñ{ø�}_ø�ñ
ε
þ

Ø ðLô:ï¶÷{õlô:ó?õvúsYYó û ð û ùYï*ñ~ò?ñJÏ{î:÷�Ð�ï¶ñ¶÷_õ�ï*ñ û íWõ � ÷pq û ð�ñ_í�ñ�� û ÷_õlñ|�µñ¶÷_õVî�ó[÷¶÷ û óií
ε
�ÎÏqî:÷�Ð¯úsYYó û ð û ùYï*ñ �
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 ä�î@?pôuçÑê¢æsðsäON�êìåsäQP�íÑè	ïÑïÑäjð�ñÑïSðsù>åsñÑãÒæ�ôuæ�ùHæáè1ï�ïpô	ïUæVíÑäjå�íÑù>íÑñÑî>æsêìè1ï�åVöøñÑä�ã ÷úè1ïòç¬äjñ�æSR6ôuêìðsäíÑäÝãOôtîjè1ïÑïÑô	êìå�åáô	ïÑî>äÝír÷ËñÑï8ùjöøñÑê¢ãìê¢ëÑðsä�íÑä�ä+ôuåT? þ ípô	ïÑå�ñÑï8ë�ñ�æ�ír÷Ëä G çÑã¢êìîjêÒæ�ôuæsêìè1ï�ír÷ËùjöøñÑê¢ãìêìë�ðsäjåô	çÑçÑð�è^î@?Ñù>å �

!�"[ç #%$'&($*)+# nDU Zsô û õ
ε > 0 ý ó?í�ü¶ô:óÖaaðLñ (x′, y′)

ñ¶÷_õjó?í
ε
��úsYYó û ð û ùYï*ñ·ò?ñJÏqî:÷�Ðh÷ û

V �
∀
÷_õ�ï�î�õ$úÎÍ û ñ£ø û �Aõlñ

x
ò�ó�[�ô:óWñ_óiïqð û Í�í�ñ ý (x,Ry′) ≤ (x′, Ry′) + εW �

∀
÷_õ�ï�î�õ$úÎÍ û ñ£ø û �Aõlñ

y
ò�ó�[�ô:óWñ_óiïJü¶ô:ðLô:íWí�ñ ý (x′, Cy) ≤ (x′, Cy′) + ε

�

X ï�åsñÑç�çéè1å�äõó�ô	ê¢ïUæáäjïÑô	ïUæ�ö�ñ�ä�æsè1ñÑå�ãìä>å�îjè�ù c îjê¢äjïUæáå�íÑä
R
ä>æ
C
åsè	ïøæ�ípô	ï�å

[0, 1] �

Y[Z]\3Y ^`_ Ù�õ Ú Ø Å_á��{á â"Ù%aBb Þ aHâ �õÅ!Û _ ^`a_â á �-b:c Ç � Ù%d � d�a Ú _ á
Ç _Qe á��

Ô 9 "C)D; ÕC9:28npogf�h1i0j k�l�mTnpoqiOr
ε s h1t�j7mvuwmyx�z({}|~i�{�u*��k(n�o oS�0mv|=|	�0o�k({�i�r�j7o�h1t�j7mvuwmyx�z({{�����k	l]�

∀(x∗, y∗)
óií�úsYYó û ð û ùYï*ñ~ò?ñ�Ï{î:÷�Ð ý
∀ε > 0 ý
∀k ≤ 12 lnn

ε2

� ðEñ�� û ÷_õ$ñ£óií�ü¶ô:óbaaðLñ
(x′, y′)

ò?ñz÷_õ�ï�î�õ$úÎÍ û ñ¶÷
k−

óií û � ô:ï�ø�ñ¶÷qõ$ñ_ð�YYóÀñ
�
(x′, y′)

ñ¶÷_õjó?í
ε
��úsYYó û ð û ùYï*ñ ��

|(x′, Ry′)− (x∗, Ry∗)| < ε�
|(x′, Cy′)− (x∗, Cy∗)| < ε

T 





 �*
�
�
�
 �����������

d � è1êìä>ïøæ (x∗, y∗)
ñÑïkùjöøñÑê¢ãìê¢ëÑðsäÝí�ä�ä+ô	å�? þ ε > 0 þ n ãìäDïÑè1ó�ëÑðsä�� îjè1óSóÝñÑï � íÑäDå�æsðáôuæsù3�1ê¢äjåçÑñÑðsä>å�çéè1ñ�ð�î@?Ñô	öøñÑä å è	ñÑäjñÑð þ ä>æ k ≤ 12 lnn

ε2

A G ù>å ��Jô	ïÑåDã ÷úä>ïÑåsä>óÝëÑãìä?í�äjåòå�æsðáôuæsù3�1ê¢äjåÝçÑñ�ðsäjåòíÑñ å è1ñ�äjñÑðDã¢ê��1ïÑä��6ðsä>åsç � îjè1ã¢è1ïÑïÑä � è1ï&çÑðsù>ã��BN	ä
kùjãìù>ótä>ïUæáå þ ô	ã¢ù:ôuæsè1êìð�äjóSäjïUæ�äHæÝå�ñÑê�Nuô	ïUæDãìô»íÑê¢å�æáð�êìëÑñ^æáêìè	ï�íÑä

x∗
�6ðsä>åsç � y∗ � þ ç¬è1ñÑð�R è1ðsóSäjð�ãìäóÝñÑã¢æsêÒû�äjïÑå�äjóÝëÑã¢ä

A
�6ð�äjå�ç � B �Q�ý�è1å�è1ïÑå

x′
� ðsä>åsç � y′ � ãìôÝå�æáðsôuæáùB�1êìä k û|ñÑïÑê�R è1ðsóSä+ð�äjå�æáðsä>êìïUæáä�P A �6ð�äjåsç � P B �Q���� æáð�ä�ç�ðsùjå�äjïUæ�ípô	ïÑåQ�

α
R è1êìå�N1äjñ^æ+íÑê¢ðsä R æáðsä�ô = äjîHæáùõír÷ËñÑïÑä�çÑðsè	ëpô	ëÑê¢ãìê¢æsù α

k
�Q�

ý�è1å�è1ïÑå�ü
φ1 = {|(x′, Ry′)− (x∗, Ry∗))| < ε

2
} �� � ê��1ïÑê�AÑä�ö�ñ�ä�ãìä�çpô	ê¢äjóSäjïUæ�ô1N1äjî��ÁäHæ 2 çéè1ñ�ð�ã¢ä å è	ñÑäjñÑð�îjè	ãìè1ïÑï�ä�ä>å�æ+çÑðsè�î@?Ñä�íÑä�î>äjãìñ�ê�í�ää+ô	å�? �;�

∀i ∈ [1, n] þ ä>æ�ç¬è1ñÑð xi
íÑùjå�ê��1ïpôuïøæ�ãìô

iieme
å�æáðáô�æáù3�	êìä�çÑñÑð�äõíÑäõîjè1ã¢è1ïÑïÑä þ çéè	åsè1ïÑå

π1,i = {(xi, Ry′) < (x′, Ry′)) + ε} �� � ê�ãìä å è1ñÑäjñ�ð<îjè	ãìè1ïÑï�äNåsä�ðsù>íÑñÑê¢æ�P+åáô iieme
å�æáðsôuæáùB�1êìäVçÑñÑð�ä�ô	ã¢è1ðså þ ê¢ãøïÑä*ç¬äjñ�æ<äjåsç¬ùjð�äjðS�Uô��1ïÑäjðçÑãìñÑå

ε
íÑäõçÑã¢ñÑå�ö�ñ%÷ ô1N1ä>î�åsôSå�æáðsôuæáùB�1êìä�ír÷

ε
û�ùjöøñÑê¢ãìêìë�ðsä �Q�

� è1ê¢æ GOOD = φ1

⋂n

i=1 π1,i ∩ φ2

⋂n

i=1 π2,i �
� 2C9�9:2Xnmè

Z û
Pr(GOOD) > 0

î�ðLô:ï*÷ü¶ñ_ð�î<��ñ_óiõVò û ï*ñ�YYóÀñ£ðLñ¶÷{÷_õ2î�õ$úÎÍ û ñ¶÷ û ÷¶÷_óÀñ¶÷£ò?ñ Ø ñ_õ\�÷Yî�õ û ÷ � ô:íWõ¢ðLñ¶÷JÐ�~�aWô:õ ÐpÙ¶÷²ñ¶÷£ò�ó´õLÐWú¶ô:ïáÙ_ø�ñ �
WVí ñ*�fñ_õ ý φ1

î:÷¶÷_ó?ï¶ñ�ð�îÆü¶ô:íaò û õ û ô:í W ò�ó õLÐWú¶ô:ïáÙ_ø�ñ ý φ2

î:÷¶÷_óiï*ñ�ð�î ü¶ô:íaò û õ û ô:í�� ý ñ_õhô:íaWñ_óiõqú_õlñ_íaò�ï*ñ�  ðLñhü¶ô:íWõ�ï¶ô:ðLñ�ò�q
ε
��úsYYó û ð û ùYï*ñ�¡Jô�ùYõlñ_íWó?aWô:óiïZðLñ¶÷�÷_õ�ï�î�õ$úÎÍ û ñ¶÷�aaó?ï¶ñ¶÷�×�õ$ô:óiõ$ñ¶÷NðLñ¶÷÷_õ�ï�î�õ$úÎÍ û ñ¶÷qø û �Aõlñ¶÷ �

� 2C9�9:2Xnmn·� &¢;=$'£>$ .0,S¤%. ;<;="�; 5 ;(; 2 #�; 2Ñ�
�oô:ó?ï

(Ei)i=1..k

ò?ñ¶÷JúF�	Ù_í�ñ_ø�ñ_íWõ ÷ ý ô:íºîhþ
Pr((

⋂k

i=1Ei)
c) ≤ Σk

i=1P (Ec
i )

� 2C9�9:2XnDU·�s� )D;=# 24¥�24¦ ) 2Ui�¥ $�# lr�
�oô:ó?ïqóií�ñ{÷²ô:ø�ø�ñ

s
ò?ñ
k
�:î�ï û î[ùYðLñ¶÷ û íaò?ú|aWñ_íaò[î�íWõlñ¶÷qò�qöñ¶÷|aWú_ï�î�í�ü¶ñ

E ýZsô û õ
φ = {|s− E| < ε}� ô:ítaWñ_ó?õcü¶ô:íWõ�ï¨§:ðLñ_ï{ð�î�aaï*ô�ù¶î[ù û ð û õlú£ò�qöú¶ü�î�ï_õ�×�ðsqöú¶÷|aWú_ï�î�í�ü¶ñNa�î�ï���þ

Pr(φc) ≤ 2e−2kε2

T	©



ªO$«# ¥>2�,*.�¤ ; 2C5 £ 2�¥�5 & 9 "C)D; ÕC9:2�¬
ÿ X ï�ç¬è1å�äSü
φ1,a = {|(x′, Ry∗)− (x∗, Ry∗)| < ε

4
} �

φ1,b = {|(x′, Ry′)− (x′, Ry∗)| < ε
4
} �

ÿ X ï�ðsä>ó�ô	ð�öøñÑäJöøñÑä
φ1,a ∩ φ1,b

äjå�æ�êìïÑî>ãìñÑå�ípô	ïÑå
φ1 � �\ï?ä = äHæ þ íÑô	ïÑå φ1,a ∩ φ1,b

è1ï ô�ü
|(x′, Ry′)− (x∗, Ry∗)| ≤ |(x′, Ry)− (xRy∗)|+ |(x′, Ry∗)− (x∗Ry∗)| ≤ ε

4
+ ε

4
≤ ε

2íÑè1ïÑîõè1ï ä>å�æ�ípô	ïÑå
φ1 �

ÿ (x′, y∗)
ä>å�ætñÑïÑäXå�è1óSótä íÑä

k
Nuô	ð�êOô	ëÑã¢äjåòêìï�íÑùjç¬äjïÑíÑô	ïUæáäjå��6íÑä

[0, 1] � í%÷úè	� þ çÑô	ðtã¢äãìä>ótóSä­� ü
Pr(φc

1,a) ≤ 2e
−kε2

8

ÿ íÑäõó R ótä
Pr(φc

2,a) ≤ 2e
−kε2

8
ä>æ�çpô	ð�ã¢ä�ãìäjóSóSä � ü Pr(φc

1) ≤ 4e
−kε2

8 �
ÿ ý�è1ñ�ð�î>è1ïUæáð Ú ãìäjð

π1,i
þ ç¬è1ñÑð�æáè1ñ^æ i ∈ [1, n] þ è1ïtçéè	åsä ψ1,i = {(xi, Ry′) < (xi, Ry∗)+

ε
2
} �

ÿ X ï�ð�äjótô	ðsöøñÑäõöøñÑä
(φ1 ∩

n
i=1 ψ1,i) ⊂ π1,i ��\ï»ä = äHæ�ç¬è1ñÑð

(p1, ..., pn) = x∗ þ è	ï�ç¬äjñ^æ�å�è1óSótä>ð*ãìä>å�ê¢ï�R è1ð�ó�ôuæsêìè1ï�åNíÑä>å ψ1,i

äjï
Σn

i=1pi(x
i, Ry′) < Σn

i=1pi(x
i, Ry∗) + Σn

i=1pi
ε
2
)
ê � ä � x∗Ry′ < (x∗, Ry∗) + ε

2
) �ý<ô	ð

(π1,i ∩ ψ1)
è1ï�ô ü

(x′, Ry′) > (x∗, Ry∗)− ε
2
> (x∗, Ry′)− ε

2
− ε

2
= (x∗, Ry′)− ε ≥ (xiRy)− εíÑè1ïÑîõè1ï ä>å�æ�ípô	ïÑå

pi1,iý<ô	ð�ã¢ä�ó R ótäõôuðT�1ñÑóSäjïUæ þ è1ï�çéä>ñ�æ�ô c ðsóSäjð Pr(ψc
1) ≤ 2e

−kε2

8 �
ÿ�
 è1óSótä GOOD = φ1

⋂n

i=1 π1,i ∩ φ2

⋂n

i=1 π2,i
þ çpô	ð�ã¢äjå�ãìä>ótóSäjå � äHæ®�Sè1ï�ô?ü

Pr(GOODc) ≤ Pr(φc
1) + Pr(φc

2) + Σn
i=1Pr(π

c
1,i) + Σn

i=1Pr(π
c
2,i)

≤ 4e
−kε2

8 + 4e
−kε2

8 + 2n(e
−kε2

2 + 4e
−kε2

8 ) < 1

ÿ Pr(GOOD) > 0
äHæÝã¢äSã¢äjóSótä��tïÑè1ñÑå�íÑè1ïÑïÑätãÎ÷Ëä G êìå�æáä>ïÑîjätír÷ ôuçÑçÑðsè G êìótôuæsêìè1ïÑåõöøñÑêN1ù>ðsê�AÑäjïUæ�ãìäJæ¨?�ùjè1ð��jóSä �

b∇
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Y[Z]\ à ß ��b�¯eõ�Ã�°�_Qb�±²_Q¯
E )D;() ,�,*. $*; 2Xe±��ê�2C5 . g:¥>2C5 . B ) 5�2C5 ; /��

�vô:ó?ïqóiíÝ[�ñ_ó»×hò?ñ_óu�+[�ô:óÀñ_ó?ï*÷ ýû ð]ñ�� û ÷_õ$ñqóií�î�ðËÍ?ô:ï û õLÐ?ø�ñ�YYó�î:÷ û �ìaWô:ð ~Oí�ô:ø û î�ðYYó û ü�î�ðLü_ó?ðLñ£õ$ô:ów÷£ðLñ¶÷
ε
��úsYYó û ð û ùYï*ñ¶÷

k
�$ó?í û � ô:ï�ø�ñ¶÷

³�; 2C5 £ 2:¬
d
X ïkåáôuê¢æõöøñr÷Ëêìã ä G ê¢å�æsäSñ�ïhù>öøñÑêìã¢êìëÑð�äÝíÑäòïpô	å�?~� ö�ñ�äSã ÷úè	ï8çéä>ñ�æ�î:ô	ã¢îjñÑã¢äjðJçpôuð�ãOô�çÑð�è	�1ðáôuóòû

ó�ôuæsêìè1ï�ãìêìï�ù:ô	ê¢ðsä�ô1N1ä>î�í�ñpô	ãìêÒæáùJäHæ�ãÎ÷úô	ã��1è	ðsê¢æT?ÑóSä�í�ä � ä>ó Ó ä-´�è(µ�å�è1ï�çpô	ð�ä G ä>ótçÑã¢ä �;�X ï¶N1ù>ðsê�Apätí�äSótô	ïÑê��jð�äDä G ?pô	ñÑå�æáê�N1ätæsè1ñÑåõãìä>å
ε
û|ù>ö�ñ�êìãìê¢ëÑðsä>å

k−
ñÑïÑê�R è	ðsóSäjå�P çpô	ð�æsêìð�íÑäSîjäHæ

ùjöøñÑêìã¢êìëÑð�ä � � ô�N	ùjð�ê�Apîjôuæáê¢è1ï±öøñr÷Ëêìã�åj÷úô}�1êÒæSír÷úñ�ï
ε
û|ù>öøñÑêìã¢êìëÑð�ä�ä>å�æ�åsêìóSçÑã¢ä��6ä>æ�çéè	ã�·�ïÑè1óSêOô	ã¢ä �Q�ãìè1ð�åsöøñr÷Ëè1ï�ô�î>è1ïÑïpôuêìåsåsô	ïÑî>äJíÑä

(x∗, y∗) þ êìãmå�ñ c æ*íÑä+æsäjå�æáäjðNî@?pô	öøñÑäJå�è1ñÑå�û¸R è1ðsó�ñÑãìä�öøñÑäJîjè	óòûçéè1å�äõãOô-R è1ð�óÝñÑãìä
GOOD �� ÷úô	ã��1è1ðsêÒæ¨?ÑóSä�ðsä3�1ô	ðsíÑä

(

n+ k + 1
k

)2

çpô	êìð�äjå�íÑäõóÝñ�ã¢æáêßû|ä>ïÑåsä>óÝëÑãìä>å � � äõð�ùjåsñ�ã¢æ�ô�æ�äjå�æ�è1ë^æáäjïøñ»äjï O(nlnn) �

 äjç¬äjïÑípôuïøæ þ ã¢ä�î:ô	å�êìïUæáù>ðsäjå�åáô	ïUæNäjå�æ�íÑä�ïÑä�çÑô	åNô1N	è1êìð�P�îjô	ãìî>ñÑãìä>ðVô	ñ�çÑð�ù:ô	ãìô	ëÑã¢ä�ñÑï�ùjöøñÑê¢ãìê¢ëÑðsäíÑä{ä+ôuåT?8ü�ç¬è1ñÑð�íÑäjå å ä>ñ G PÝçÑãìñÑå�íÑä å è1ñ�äjñÑð�å þ ê¢ãéôuçÑçpô	ðsô	ê¢æNö�ñ�äJãìä>å*ðsù>åsñÑãÒæ�ôuæsåNç¬è1ã�·�ïÑè1óSêOôuñ Gçéè1ñ�ð�ãÎ÷Ëä G çÑãìê¢îjêÒæ�ôuæsêìè1ïtír÷úñ�ï»ù>ö�ñ�êìãìê¢ëÑðsä+íÑä£ä+ô	å�?»ïÑäõå�è1ïUæ+çÑã¢ñÑå�Nuô	ãOôuëÑãìä>å �X ï¹N	è1ê¢æ�öøñÑä�ãOô[N	ùjðsê�Apî:ô�æáêìè	ïSí�äjå

π1,i

äHæ�íÑäjå
π2,j

å�è1ïUæ�í�ä�å�êìóSçÑãìä>å\è1ç¬ùjðáô�æáêìè	ïÑå\ó�ô�æáðsê¢îjê¢äjãìã¢äjå �Ì ô	êìå�ãìô-N1ù>ðsê�AÑî:ôuæsêìè1ï íÑä
φ1

è1ñ íÑä
φ2
þ ïÑùjî>äjåså�ê¢æsä�ãìôòî>è1ïÑïpôuêìåsåsô	ïÑî>ä�í%÷úñÑï�ùjöøñÑê¢ãìê¢ëÑðsä �

b∇

º 2»9`. ;�4 5�2`¬
ý�è1ñÑð+íÑäjå å è1ñ�äjñÑð�å�ô1N1äjîDí�äjå�ïÑè1ó�ëÑðsä>åJíÑäÝå�æáðáô�æáù3�	êìäjå+çÑñÑðsä>å�íÑêìå�æáê¢ïÑî>æså¹�

n1

ä>æ
n2 � þ ä>æõô1N1ä>î

k ≥ 12 ln(max(n1 ,n2))
ε2

þ è	ïXôDãìä�ó R óSä�ðsù>åsñÑãÒæ�ôuæ �

Ô 9 "C)D; ÕC9:28nmèH¼½�+l@{}o |=mTn�o¾i�{�u*�¿iÀh1i0j k�l�mTn�o�i�r
ε s h1tÁj7mvuwmyx�z¢{	|�i�{Âu*�Ãk(npo%oS�0mv|�|}�DoÄk({iOr�j7ogh1t�j7mvuwmyx�z({¶{=���Àk	lÅi�r�j7o:Æ	{}j�Ç

m
Æ	n�j {	j7z�|`�

∀(s∗1, ..., s
∗
n)
ó?í�úsYYó û ð û ùYï*ñ·ò?ñJÏ{î:÷�ÐDaWô:ó?ï£ó?íÝ[�ñ_ó»×

m
aWñ_ï*÷²ô:íWí�ñ¶÷ñ_õVò?ñ�a�î û ñ_ø�ñ_íWõ�÷õ×�ðsqöúsYYó û ð û ùYï*ñ~þ

(p∗1, ..., p
∗
m)

∀ε > 0 ý
∀k ≤ 3m2 ln m2n

ε2

� ðEñ�� û ÷_õ$ñqó?í�ñ_í�÷²ñ_øZùYðLñ
(s′1, ..., s

′
m)

ò?ñz÷_õ�ï�î�õ$úÎÍ û ñ¶÷
k−

óií û � ô:ï�ø�ñ¶÷ò?ñ�a�î û ñ_ø�ñ_íWõ�÷
(p′1, ..., p

′
m)

õlñ_ð�YYóWñ
�
(s′1, ..., s

′
m)

ñ¶÷_õjó?í
ε
��úsYYó û ð û ùYï*ñ ��

∀i ∈ [1, n], |p′i − p
∗
i )| < ε

T1T



º 2»9`. ;�4 5�2`¬�Jô	ïÑåÝã¢ätæT?Ñùjè1ð��jóSä �}È þ è1ï¼ïÑäÉ�Uô	ðsô	ïUæáêÒæ�í�äjå
ε
û�ùjöøñÑêìã¢êìëÑð�äjå�PXåsñ�çÑçéè	ð�æÝã¢è	�Uô	ð�ê¢æT?Ñótê¢öøñÑäDöøñÑä

ãìè1ð�åsöøñÑä
m
ä>å�æ�êìïÑí�ùjç¬äjïÑípôuïøæ�íÑä

n �

Y[Z]\ � Ç �{á7Ê aB±²_Q¯ÌË Ê�� b�Í Æ � Ê bRõ
Ô 9 "C)D; ÕC9:28nmn±� ! 2»5 . B ) 5�2C5 ; /ÉÎÏ5 #~"�4 5 $ , $65�; 2¶Î ; . # l8¥>2Ð¤�. $ 2C9:2 #�&ò5S)D;=#>" �

∀(x∗, y∗)
óií�úsYYó û ð û ùYï*ñ~ò?ñ�Ï{î:÷�Ð÷ û
rang(C) < k ý

� ðEñ�� û ÷_õ$ñ£ó?í�ñ{÷_õ î�õ$úÎÍ û ñqø û �Aõ$ñ
x
î}��ñ¶ü

�
|Support(x)| ≤ k + 1�

(x, y∗)
ñ¶÷_õ¢ó?í�aWô û íWõVò�qöúsYYó û ð û ùYï*ñ~ò?ñ£ø�}_ø�ñ*a�î û ñ_ø�ñ_íWõVYYóWñ£ðsqöúsYYó û ð û ùYï*ñ~ò?ñ�Ï{î:÷�Ð ��{ÿjô:íaò û õ û ô:í�÷f÷ û ø û ð�î û ï*ñ¶÷NaWô:ó?ïqðsq î�óiõ�ï*ñ�[�ô:óÀñ_ó?ï �

Ô 9 "C)D; ÕC9:28nDU±� ! 2C5 . B ) 5>2C5 ; /]2 & /15>¤�¤ )+;¢&�;	)+# / & . #�& �
∀(x∗, y∗)

óií�úsYYó û ð û ùYï*ñ~ò?ñ�Ï{î:÷�Ð ý
∀ε > 0 ý
∀k ≤ 5

ε2

Ø ðLô:ï*÷ û ð]ñ�� û ÷_õ$ñqóií�ü¶ô:óbaaðLñ
(x, y)

ò?ñf÷_õ�ï�î�õlúÎÍ û ñ¶÷
k−

ó?í û � ô:ï�ø�ñ¶÷qõlñ_ð�YYóWñ�
|(x,Ry)− (x∗, Ry∗)| < ε�
|(x, Cy)− (x∗, Cy∗)| < ε

-�.À& 2 # / $«)+# ¤ ) 5 ; 5 # B32C5·g
m
B ) 5�2C5 ; /�¬X ï ç¬äjñ�æ�ùHæáäjï�íÑðsä�ãìä�ð�ùjåsñ�ã¢æ�ô�æ�è1ë�æáä>ïøñXç¬è1ñÑð�íÑä>ñ GJå è1ñÑä>ñÑðså®P

m
å è1ñÑä>ñÑðså þ ó�ôuêìå*ã¢ä�åsñÑçÑç¬è1ð�æíÑäBN�êìä>ïUæ�ä>ï

O(m2 lnm) �

 �*
6��
�
 Ñ ' $��pÒ�Ó%��, '\!+!��pÔ��QÒ��('ÄÕ[Ö ��,
!�"�× #%$'&($*)+# npØ Zsô û õ

C
ñ_õ
D
ò?ñ¶÷qøZî�õ�ï û ü¶ñ¶÷

n× n ýìeíhò û ï�î�YYóWñ
D
ñ¶÷_õ�ó?í�ñ

ε
�xîHaUaaï¶ô>� û øZî�õ û ô:íhò?ñ

C
÷ û
C = D+E

ô��
∀i, j ∈ [1, n], |Ei,j| ≤ ε

� 2C9�9:2XnpØ �TÙÉ¤�¤ ;()�.>$ 9`. &($*)�# ¥>2Ð9:. &1;�$6; 2C/Å¤ ) 5 ; .�¤%¤ ;()^.>$ 9:2 ; ,*2C/¹¤%. $ 2C9:2 #�& /]¥>287Â.0/j9\�
Zsô û õ

D
ó»Ú�Û

ε
�yÜHaUa+Ý¨Þ>� û'ß Ü}à«á¸Þ=Ú�âCÛ

C ãZÀÞ=á'à
(x∗, y∗) ä Ú:åsY ä á'æçá«è3Ý@Û�âCÛ�Ï�Ü=é�ÐDa0Þ ä Ýêæ�Û�[1Û ä × ß Ü}à�Ýëá¸ì@Û@é-âCÛ*a�Ü}á¸Û ß ÛFÚ0à R ÛFà

D ã
Ø æ�Þ=Ý¨é

(x∗, y∗)
Û@éFà ä Ú W � ε �TåsY ä á'æçá«è3Ý¨Û-âCÛJÏêÜ=é�ÐDa0Þ ä Ý]�Û�[1Û ä × ß Ü}à«Ýëá¸ì@Û@é�âCÛ�a�Ü}á¸Û ß ÛFÚ0à R ÛFà

C ã
T	d



E )D;() ,�,*. $*; 2`íøo���î�2C5 . g`¥>2»5 . B ) 5�2C5 ; /]. £ 2 ; 5 # 2�9:. &¢;=$ ; 2�.p¤�¤ ;()^.7$ 9:. 5 ,*2Â2 & ¤S2 &($'& /15�¤�¤ )D;¢& ��QÞ ä Ý�àvÞ ä àé[1Û ä ×�âCÛ ä}ï [1Þ ä Û ä Ý@é-Ü}�}Û@ìNa�Ü}á¸Û ß ÛFÚ0à*é R ÛFà
C ð ÛFà�à�Þ ä à k < nZDá

C
a0Û ä à�}Fà«Ý¨Û-ÜHaUa+Ý¨Þ ï á ß å*a�Ü}Ý ä Ú�Û ß Ü}à«Ýëá¸ì@Û�âCÛ�Ý�Ü}Ú�Í k
Ø æ�Þ=Ý¨é�á'æ Û ï á�éFàvÛ ä Ú W � ε �TåsY ä á'æçá«è3Ý@Û � ï�ð ~�� ðÜ}�}Û@ì
|Support(x)| ≤ k + 1 ð ZDá ß á'æ�Ü}á'Ý¨Û�× R ã

º 2»9`. ;�4 5�2¶¬ ý�è	ñÑð*ñÑï�ñ�ä>ñ�P�íÑä>ñ G ñ�è	ñÑäjñÑð�å þ îjè1ïÑïÑô	ê¢æsðsä+ã¢ä+å�ñÑçÑç¬è1ð�æNír÷úñ�ï?ùjöøñÑêìã¢êìëÑð�ä�í�äò+ô	å�?tê¢ótçÑã¢êìöøñÑä�åáô1N1è1ê¢ð�î:ô	ã¢îjñÑã¢äjð\íÑäOR6ô}ó>è1ïòä G ô	î>æsäÅ� ä>æVç¬è1ã�·�ïÑè1óSêOôuãìä � îjäHæVùjöøñÑêìã¢êìëÑð�ä�íÑä®ò+ô	å�?�6çpô	ð�ãìôÝçÑðsè}�1ðáô	óSótôuæáê¢è1ï�ãìê¢ïÑù:ôuêìðsä �;�
E )D;() ,�,*. $*; 2`íDí¼��î�2C5 . g`¥>2»5 . B ) 5�2C5 ; /�¬�E ) 9:¤%,«2 .>$'&¢" ¥�2 5S)�# / ; .0/��

�QÞ ä Ý�àvÞ ä à¬[1Û ä ×<âCÛ ä}ï [1Þ ä Û ä Ý¨é-Ü}�}Û@ì*a�Ü}á¸Û ß ÛFÚ0à'é R ÛFà
C ðZDá

R
� ì@Û­é¢ÛFÝ�Ü}á'àÄéH~ ß åFà�Ýëá6Y ä Û*a0Þ ä Ý C ��Û@éFà²âCÛ�Ý�Ü}Ú�Í�ì@Þ=Ú�éFàôÜ}Ú0à ðÏ�Þ ä é�a0Þ ä �}Þ=Ú�éÅìTÜ}æ�ì ä æ�ÛFÝ ä Ú:åsY ä á'æçá«è3Ý@Û � Û ï ÜCìFà ��âCÛJÏêÜ=é�Ð�ÛFÚÐàvÛ ß a0é�a0Þ=æ ~�Ú�Þ ß á«Ü}æ ã

ZDá ä Ú�âCÛ@é�[1Þ ä Û ä Ý¨é-Ü ä Ú�Ú�Þ ß è3Ý@Û-ì@Þ=Ú�éFàôÜ}Ú0à�âCÛêéFà«ÝTÜ}àvåÎÍ}á¸Û@é�a ä Ý@Û@é ðõ�Úta0Û ä àQìTÜ}æ�ì ä æ�ÛFÝ ä Ú:åsY ä á'æçá«è3Ý¨Û�âCÛJÏêÜ=é�Ð�ÛFÚÐàvÛ ß a0é�a0Þ=æ ~�Ú�Þ ß á«Ü}æ ã

T	v
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� ä�çp?�ùjïÑè1ó��jï�ä M ñÑïÉN	äjî>æsäjñÑð�íÑä+å�æáðsôuæáùB�1êìä>å�äjï?ù>ö�ñ�êìãìê¢ëÑðsä�äjå�æ�ãìäJç¬è1êìïUæ�A G ä�í%÷úñÑï�ä­R è1ïÑîHûæáêìè	ïDîjè1ïUæáê¢ïøñÑä�ír÷ËñÑïtå�êìóSçÑãìä G ä*ípô	ïÑå�ã¢ñÑê�ó R óSä I çéä>ðsóSä>æÄP�ïÑè	ñ�N1äjô	ñtãìôJðsù>íÑñÑî>æsêìè1ïòíÑä�ã ÷úä G êìå�û
æáäjï�îjäÝír÷ËùjöøñÑê¢ãìê¢ëÑðsä�íÑäÅò�ô	åT?kôuñXæ¨?Ñù>è1ðT�>ótä�íÑä�ç¬è1ê¢ïøæ®A G äÝíÑä 2 ðsè1ñ�µ�äjðJí�ä�ãOôSçpô	ð�æáêìä�F � � ä>åêìåså�ñÑäjå+åsè1ïUæ�ôuãìè1ð�å�å�êìóSêìãOôuêìðsä>å�ô	ñ�îjô	åJíÑä>åJçéè	êìïUæ½A G ä>åJä>æ+íÑäjå+ùjöøñÑêìã¢êìëÑð�äjå�ír÷ù��ðsð�è(µ*ûv�+äjë�ðsäjñ ��+ä�ç�ãìñÑå þ � ôòíÑê¢ótä>ïÑåsê¢è1ï?ír÷ËäjåsçÑô	îjä�êìïUæáð�è^íÑñ�ê¢æáä�ä>å�æ�äjå�æ+ã¢ä�çÑðsè�íÑñÑêÒæ�íÑäjå�äjå�çpô	îjä>å+íÑä>å+å�æáðáô�æáùHû�1êìä>å+ä>æJãìäjå+ô G äjå�íÑä�íÑùBN	äjãìè	çÑçéä>ótä>ïUæ�ä>æ�ã¢äjñÑð�åJãìê¢ótêÒæáä>å�ç�ðsùjî>ùjíÑä>ótóSäjïUæ�ùFN1è�öøñÑùjä>å�ç¬è1ñÑð�ãìä>å
çéè1ê¢ïUæáå�A G äjå�åj÷�·?ð�ä�ñ�è1ê��1ïÑäjïUæ �

� ÷úô	ã��	è1ðsêÒæ¨?ÑóSä�íÑä � äjó Ó ä�´�è¢µ�å�è1ï¼ô ù>æsùòñÑï�çÑô	åõíÑùjî>êìåsê�RNíÑô	ïÑå�ãÎ÷Ëä = äjî>æsê�N�ê¢æsùÝíÑñ�î:ô	ã¢îjñÑã
íÑäjå�ùjöøñÑêìã¢êìëÑð�äjåõíÑä<ò+ô	å�?���P�íÑäjñ G ñ�è1ñ�äjñÑð�å �;� F|ãVäjå�æ�ä G ç¬è1ïÑäjïUæsêìäjãVäjï�æáäjóSçÑå�åsñÑð�îjä>ð�æ�ôuêìïÑä>å
êìïÑå�æ�ô	ïÑî>äjå�ótô	êìå*ã�PDäjïÑî>è1ðsäõñÑïÑä�ô	ïÑô	ã�·�åsäõçÑã¢ñÑå�ApïÑäõóSùjð�ê¢æáä>ðáô	êÒæ�ïÑè	æsðsäõôuæ�æáä>ïøæsêìè1ï �

�+ô	ïÑåõöøñÑäjã¢ö�ñ�äjå�î:ô	å�çpôuð�æáê¢îjñÑã¢êìä>ðså þ êìã�äjå�æõïÑôuæáñÑð�äjã\íÑäÅN	è1ñÑã¢è1êìðJê¢ótç¬è1å�äjðJñÑï�äDîjè1ïUæáðsô	êìïUæsäåsñÑð�ã ÷úù>ö�ñ�êìãìê¢ëÑðsä�íÑñ8æv·�çéä M ãìä�ç�ðsäjóSêìä>ð�ñ�è1ñÑä>ñÑð�ñ�è1ñ�äòô¢N	äjîòçÑð�è1ëpô	ëÑê¢ãìêÒæáù
α
åáô?çÑð�äjóSê��jð�äÝå�æsðáô�û

æáù3�	êìä I � �\å�æ�û�êìã�çÑã¢ñÑåQR6ô	îjê¢ãìäõípô	ïÑå�îjä�î:ô	å�íÑä�î:ô	ã¢îjñÑã¢äjð�ñÑïXùFN1ä>ïøæsñÑäjã<ùjöøñÑêìã¢êìëÑð�ä þ è1ñ�íÑä�íÑùjî>êìíÑä>ðö�ñ%÷úê¢ãrïr÷ËäjïXä G êìå�æsäõçpô	åDúò�è1ñÑåJô¢N	è1ïÑåõöøñÑä
α = 0 þ α = 1

n
þ α > 0 þ α ∈ [0, 1

n
] þ α > 0 þ α ≥ 1

n

è1ñ
α < 1

åsè1ïUæ�í�äjå
êìïUæáä>ð�Nuô	ãìã¢äjå*ç¬è1ñÑð�ã¢äjå�ö�ñ�äjãìå�ã ÷úä G ê¢å�æsäjïÑî>ä�í%÷úù>ö�ñ�êìãìê¢ëÑðsä�ä G ô	î>æsä�ä>å�æ½ò+ý<û|í�ê c îjê¢ãìä �F|ãpðsäjå�æáä�îjäjç¬äjï�ípô	ïUæNë¬ä:ôuñÑîjè1ñ�ç�íÑä�æáðsô¢Nuô	ê¢ãÑåsñ�ð�î>äjåVó R ótä>åVöøñÑä>å�æsêìè1ïÑåVír÷ËùjöøñÑê¢ãìêìë�ðsä�îjè1ïUæsðáô	ê¢ïøæ
ô¢N	äjî�ñÑïÑäêN�êìå�êìè1ï ír÷

ε
û|ù>öøñÑêìã¢êìëÑð�ä �

� ôXð�ùjíÑñ�î>æáê¢è1ïÛíÑä � �\P¹äjïÛù>öøñÑêìã¢êìëÑð�äjå�í�äÉò+ôuåT? ïÑè1ï�æáðsê�N�êOô	ñ G ç¬äjð�ótäHæÝíÑätótäHæsæsðsä�ä>ï
ðsäjãìôuæáê¢è1ï�íÑê¢ðsä>î>æáä

ÿ ãìä>å�ô = ä>î>æáôuæáê¢è1ïÑå�íÑäêNuô	ðsêìô	ëÑã¢äjå*öøñÑê åáô�æáêìåyR è1ïUæ�ñÑïÑäêR è1ð�óÝñÑãìä+ãìè	�1ê¢öøñÑäJä>æ
ÿ ãìä>åVù>öøñÑêìã¢êìëÑð�äjå�íÑä­ò�ô	åT?tïÑè1ïSæáðsê�N�êOô	ñ G íÑñ�ñ�ä>ñÉP�í�äjñ G ñ�è1ñÑä>ñÑðsåVå�·�óSù>æsðsêìöøñÑä�îjè1ï�å�æáð�ñÑê¢æPDçpô	ð�æsêìð*í�ä�ãìôÅR è1ðsóÝñ�ãìä �

d È



��ã¢ãìä�ô�ç¬äjð�ótê¬íÑä+í�ùBN1è	êìãìä>ðNãìô�íÑê c î>ñÑã¢æsù�í�ñ�î:ô	ã¢îjñÑã¬íÑñ�ï�è1óÝëÑð�ä+ír÷ËùjöøñÑê¢ãìêìë�ðsäjå�íÑä­ò�ô	åT? þ ótô	êìåô	ñÑåså�ê�íÑäjåSäjå�çéè	êìðsåDöøñpôuïøæ�P8åsè	ï±ä G æsäjïUæáê¢è1ï �Äû ï±ä G ä>ótç�ãìä?åsä>ðáô	êÒæòíÑä ótäHæsæsðsä?äjï ðsä>ãOôuæsêìè1ï
íÑêìð�äjî>æsäDü

ÿ ñÑïÑä+ô = ä>î>æáôuæáê¢è1ï�íÑä½N	ôuðsêOôuëÑãìä>å�öøñÑêéçÑðsè�íÑñÑêÒæNñÑï�çéè1ê¢íÑå
p
ípô	ï�å*ñÑïÑä[R è	ðsóÝñÑã¢ä � � �\P äHæ

ÿ ñÑï�ù>ö�ñ�êìãìê¢ëÑðsä�íÑä[ò+ô	å�?¶�6íÑä[�Uô	êìïSç®ú � ír÷ËñÑï�ñ�ä>ñ�P�îjè	ïÑå�æsðsñÑê¢ðsä­P�çpô	ð�æsêìð�íÑäJãìô�R è1ð�óÝñÑã¢ä �
ý\ã¢ñÑå+ôuóÝëÑê¢æsêìä>ñ G å�äjðáôuê¢æ�äjïÑî>è1ðsä�ír÷Ëù>æáä>ïÑíÑð�ä�îjä>å+ôuçÑçÑðsè�î@?Ñä>å­Ptí�äjå�ãìè	�1ê¢öøñÑäjå�æáä>ótç¬è1ð�äjãìã¢äjå

íÑñ8æv·^ç¬ä � P � è1ñkñÑïkíÑäDîjä>å�ô = ôuêìëÑã¢êìåså�äjóSäjïUæáå � � äDãìê¢äjï�å�äjðsô	ê¢æêR6ô	êÒæJç¬è1ñÑð[R è	ðsótô	ãìê¢åsäjð�åsè1ñ�åñÑï»ç¬è1ê¢ïøæ*íÑäêN^ñ�ä�æT?Ñùjè1ð�êìä�íÑä²ñ�ä>ñ G þ ãìäjå�ïÑèuæáêìè	ïÑå�íÑäêN1ù>ðsê�AÑî:ôuæsêìè1ï ñÑå�ñÑäjã¢ãìä �� ä>å�ô¢Nuô	ïUæáô}�1äjå�î>è1ótç�ñ�æ�ôuæsêìè1ï�ïÑäjã¢å*ðsù>îjäjïUæså�íÑä>å�îjô	å�ðsä>å�æáð�äjê¢ïøæså�åsè1ïUæ�ü
ÿ�� ÷úä G ê¢å�æsäjïÑî>ä�ír÷ ε û|ù>ö�ñ�êìãìê¢ëÑðsä<PXåsñ�çÑçéè	ð�æÝã¢è	�Uô	ð�ê¢æT?Ñótê¢öøñÑäDîjè1óSç¬è1åsùtíÑä�å�æsðáôuæsù3�1ê¢äjå�ñÑïÑêÒûR è1ðsóSäjå þ ô1N1äjî+ñÑïÑä+ç¬è1å�åsêìë�êìãìêÒæáù*í�ä+î:ôuãìîjñ�ãìäjð�î>äjå ε û|ùjöøñÑê¢ãìê¢ëÑðsä>å�å�è1ñÑå�û�ä G ç¬è1ïÑäjïUæsêìäjã¢ãìä>ótä>ïøæPDçpô	ð�æsêìð*í%÷úñÑï�ùjöøñÑê¢ãìê¢ëÑðsä �ÿ�� ÷úä = ä>î>æáê�N�ê¢æáù�çéè	ã�·�ïÑè1óSêOô	ã¢ä�åsè1ñ�åJíÑäjå[?Á·�ç¬è	æ¨?��jåsä>åõíÑäÝîjè	ótçpôuîjê¢æsù�í�äÝðsä>çÑðsù>åsäjïUæáôuæáê¢è1ïíÑùBN	äjã¢è1çÑç¬ùjäjå�ípô	ï�å � ý Þ È 
 ¡¸�� ä�æáðáô1Nuô	ê¢ã�çéä>ñ�æ�ô	ã¢è1ðså�åsä�çéè	ñÑðså�ñÑê�N�ðsä�äjï�î>äjð�ïpô	ïUæJã¢ä�î@?pôuótç�í%÷ ô	ç�çÑãìê¢î:ôuæsêìè1ï íÑä�îjäjå+ðsùHûåsñÑãÒæ�ôuæsåJípô	ïÑå+íÑäjå­R è1ð�ó�ôuãìêìåsôuæáê¢è1ïÑå�íÑñ�æv·�ç¬äDíÑäDîjä>ãìãìä�íÑù>æáô	êìã¢ãìù>ä�ç¬è1ñÑð � �\P þ ó�ôuêìå+íÑô	ïÑåJíÑä>åî:ô	íÑð�äjå�çÑã¢ñÑå�ä G çÑðsä>åså�ê�R å �� ä>å<æáðsô1N	ôuñ G î>è1ïÑå�æsðsñÑîHæáê�R å\ô	ñ�æsè1ñÑð íÑä>å\ùjöøñÑê¢ãìêìë�ðsäjå�íÑäOò�ô	åT?òç¬è1ñÑð<ã¢äjå+ñ�ä>ñ G ótôuæsðsêìî>êìä>ãìå êìï�AÑïÑêÒûótä>ïøæ*ðsùjç¬ù>æsùjå�ç¬äjñ�N	äjïUæ�çéä>ñ�æ�û R æsðsä�ñ�è1ñ�äjð�íÑä>å�ð Ú ã¢äjåNíÑô	ïÑå�ãÎ÷Ëäjå�çÑðsêÒæ*íÑñ M û ïUæáê¢ã I íÑä�ãìô�ãìè}�1êìöøñÑäæáäjóSç¬è1ðsä>ãìãìä þ äHæQR6ô	êìð�äõô	êìïÑå�êrñÑï ç¬è1ïUæ�ä = ä>î>æsê�R�N1äjð�å�ãìôÅN1ùjð�ê�Apîjôuæáê¢è1ï?íÑäõïÑè1ó�ëÑðsä>ñ G å�·�å�æT�jóSäjå �� ä>åõïÑè	æáê¢è1ïÑåJïÑôuæáñÑð�äjã¢ãìäjå�í%÷ ô	ç�çÑðsè G êìótôuæáê¢è1ïÑåJí�ñhí�è1ó�ôuêìïÑäÝè = ð�êìðáôuêìäjïUæJô	ãìè1ð�å�ñÑïkëéè	ïhç¬è1ê¢ïøæ

íÑä+íÑù>çpô	ð�æ*ç¬è1ñÑðVêìïUæáð�è^íÑñ�êìðsä�ñÑï�ä+ïÑè1ñ»N1äjã¢ãìä-�	ú � ïÑèuæáêìè	ïtír÷úô	çÑç�ðsè G êìótôuæáê¢è1ïtíÑô	ïÑåNñ�ï�è1ëCñ�ä>î>æáê�RíÑäêN1ùjð�ê�Apîjôuæáê¢è1ï �
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