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Distance Statistics Word Transducer

Outline: Preliminaries

ﬂ Word Edit Distance with Moves

e Statistics
@ Uniform Statistic of a Word
@ Link Statistics-Distance
@ Uniform Statistic of a Loop

9 Word Transducer
@ Definition
@ Relation defined by a Transducer
@ Powering
@ Graph of the strongly connected components

Adrien Vieilleribiere Approximate Equivalence of Transduction



Distance Statistics Word Transducer

Elementary operations

@ Insert a letter : aaabbb % aaachbb

@ Remove a letter : aaachbb 2% aaachb
@ Change a label : aaacbb UL, aaache
@ Move a subword : caacbc —= acbaac

Edit Distance with moves

@ dist(wy, wy) = min{p | w1 2 ... 2wy}
dist(wq, w
Q d(wi,ws) = _dist(wy,wa)
max (|wi |, |wa])
© dist(wy, L) = min dist(w,ws)
wo €L
dist(Ly, Ly) = in  dist(w,
0 IS ( 1, 2) wleLHQl’lilQeLQ IS (wl w2)

Adrien Vieilleribiere Approximate Equivalence of Transduction



Distance Statistics Word Transducer

Edit Distance with moves J

@ dist(wy, ws) = min{p | w1 2 ... 2wy}
dist(wq, w

@ d(wy, wy) = WL W2)

max(|wi |, [wa|)

© dist(w;, L) = min dist(wy, ws)
wo €L

Q dist(L1,Ly) = min  dist(wy, ws)

w1 €L, waE€L>

B

@ dist(aaabbb, bbbaac) = 2

© d(aaabbb, bbbaac) = 1/3

© dist(aaabbb, a*) =3

Q dist ((aaa)™.(bbbbbbbb)* , (bbbbbbbb)*.(aaa)™) = 1
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Distance Statistics Word Transducer Word stat Vs distance Loop

9 Statistics
@ Uniform Statistic of a Word
@ Link Statistics-Distance
@ Uniform Statistic of a Loop
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Distance Statistics Word Transducer Word stat Vs distance Loop

Let ¥ be a binary alphabet, w € ¥* of length n and k € N*

Statistic of a Word : ustaty, J
#na #mn1 : number of 00...0
1 #no h #mns : number of 0...01
ustatg(w) = ———. where
ww) = o : :
H#nok #nor : nUmMber of 1...11

[

w = 001010101110, lengthn =12, k =2, n — k + 1 = 11 blocks

1
ustat(w) = 1

[ S
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Let X be a alphabet, w € ¥* of length n and k € N™

e

#n1
1 #n2
n—k+1

ustaty(w) =

#n|2|k




Distance Statistics Word Transducer Word stat Vs distance Loop

e

Q@ d(w,w’) ~ |ustat(w) — ustat(w’)|; for words of similar length

Q@ |ustat(w) — Y (w)|; < e for Y/(W) the ustat vector on N
samples

© distance between words

@ NP-complete

o Testable, O(1):
Sample N subwords of length k: Y (w) and Y (w’).
If |Y(w) — Y(w')1 < e = ¢ accept, else reject
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Distance Statistics Word Transducer Word stat Vs distance Loop

Limit Statistic of a loop J

Let L =w", |w| =¢

Hiim(L)[u] = _Pr [w[j].w[qul Mod k] ... w[j+k—1 Mod k] = u}

Jj=1,....q
1/2
% 1/4
L = (0001)*, k = 2, Hijm(L) = 1;4
0
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Distance Statistics Word Transducer Definition Relation Powering Decomposition

9 Word Transducer
@ Definition
@ Relation defined by a Transducer
@ Powering
@ Graph of the strongly connected components
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Distance Statistics Word Transducer Definition Relation Powering Decomposition

Word Transducers

A word transducter 7 is a tuple (X,Y/,Q, I, F, ) where
@ Y in the input alphabet, ¥’ the output alphabet
@ () a set of states, I € Q an initial state, F' C @ final states
9 5:Qx (ZUA) x (X)* x @ the transition fonction
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Distance Statistics Word Transducer Definition Relation Powering Decomposition

Example of a Word Transducer

o X ={1,2},% ={a,b,c,d}

o ) =10,1,2,3},1 ={0}, F = {0}

@ 0 ={(0,1,0b,0), (0,2,¢,1), (1,2, ba,2), (2,1,dd,0),
(2,2,a,3), (3,1,dd,2)}
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Distance Statistics Word Transducer Definition Relation Powering Decomposition

Relation of a Word Transducer .7 J

For two words w; and we, (w,ws) is in the relation defined by
7, if there is a run from the initial state to a final state inputing
w1 and outputing ws.

1

(A, A), (1,6b), (22211, cbaadddd) are in the relation defined by .7

"We then note (w1, w2) € T
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Distance Statistics Word Transducer Definition Relation Powering Decomposition

Example : Squaring

a transducer its square

11l:cccaa

11:aacce
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el de ey ]

Let 7 = (X,%,Q, 1, F,0) atransducer and k € N.

Tk = (2k ¥, Q, 1, F, ") where

(q1 , arag...ap , w, qpi1) € OF iff there exist q1, ..., qx € Q and
wi, ..., w € (X')* such that w = wy.ws...wy, and for all 7 in
{17 "'7k}’ (q'hai,wi,Qi-i-l) € 4.




Distance Statistics Word Transducer Definition Relation Powering Decomposition

For G the graph of a (delabeled) automaton or transducer, G
denotes the graph of strongly connected components of G
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Distance Statistics Word Transducer Definition Relation Powering Decomposition

For G the graph of a (delabeled) automaton or transducer, G
denotes the graph of strongly connected components of G
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Distance Statistics Word Transducer Definition Relation Powering Decomposition

For G the graph of a (delabeled) automaton or transducer, G
denotes the graph of strongly connected components of G
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warm up definition exact case e-equivalence

Outline: Equivalences

Q warmup
© definition
© exact case

a e-equivalence
@ two transducers e-close
@ statistical representation
@ In the relation => close to the embedding
@ In the embedding => close to the relation
@ counterexamples : sources of non e-equivalence
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warm up definition exact case e-equivalence

Lilcealbidaehbin

Reduction to the Post Correspondance Problem

v YEYE
® asolution: (b )( Z)( ababa )( ; )( b)

a:ababa
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warm up definition exact case e-equivalence

I e

Reduction to the Post Correspondance Problem

o aninsance: (7 ). ().(). (1)
o asownon: () ()2 ) (1))
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warm up definition exact case e-equivalence

From 91 C 9% to A C. D

@ exactinclusion: (w,vw') € &4 = (w,w') € %
@ c-inclusion: (w,w') € 71 = 3 (@, w') € F such that,
for the classical edit distance with moves
® wise-close to w i.e. d(w,w) < e

o w is e-close to w' i.e. d(w',w') < e
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warm up definition exact case e-equivalence

From 74 C % to 71 C. % J

@ exact inclusion: (w,vw') € &4 = (w,w') € P

@ c-inclusion: (w,w') € 7 = 3 (@, w') € F such that,
for the classical edit distance with moves
® wise-closetow ie d(w,w) <e
e w'is e-close to w' i.e. d(w’, w’) <e

exact inclusion = e-inclusion I
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warm up definition exact case e-equivalence

B

@ The equivalence problem for non-deterministic transducers
(one way, finite state) is undecidable even when they
cannot read or write the empty string
T. V. Griffiths, “The unsolvability of the Equivalence Problem for
Lambda-Free nondeterministic generalized machines”,1968.

© The equivalence problem for 1-free? input deterministic®
sequential transducers is undecidable
J. Karhumaki and L. P. Lisovik, “On the Equivalence of Finite
Substitutions and Transducers”,1999, (Corollary 1).

2Transitions do not output the empty string
3The (input) underlying automaton is deterministic

Adrien Vieilleribiere Approximate Equivalence of Transduction



warm up definition exact case e-equivalence

L2

@ The equivalence for deterministic transducers is decidable
Bird 1973, Vaillant 1974

© The equivalence for n-tape deterministic finite automata is
decidable Harju & Karhumaki, 1991

© The equivalence for sequential transducers satisfying the
prefix condition* is decidable Karhumaki & Lisovik, 1999

© The equivalence on an NR set of strings for two

deterministic two-way finite state transducers is decidable
Engelfriet, Maneth, 2005

“Avoid two transitions from the same state, the same input letter, and an
output different and prefix of the other
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warm up definition exact case e-equivalence

Equivalence is at least PSPACE-hard, even restricted to identity
edges

as hard as the equivalence of non-deterministic finite automata.

The equivalence of deterministic two-way (sequential)
transducers which are allowed to make some finite number of
non-deterministic moves is a PSPACE-complete problem
pointed out by Gurari, 1982
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

@ e-equivalence
@ two transducers e-close
@ statistical representation
@ In the relation => close to the embedding
@ In the embedding => close to the relation
@ counterexamples : sources of non e-equivalence
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Adrien Vieilleribiere Approximate Equivalence of Transduction



warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Forget finite contributions

In essence:

t = (00 : aba)*.(00 : bb)*.(11 : aa)* + (11 : aa)*.(10 : ba)*.(00 : bbbb)*
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

e-Inclusion

@ Apply the k-powering of 71 and %, k = 1/e:
@ Matrix multiplication
@ compute the embeddings H. = (H., H?) in the statistical
space:
@ analyze paths 7 in }l\’“
@ convex hulls for m-compatible loops
@ HICH2?
@ H!is a union of polytopes
@ inclusion of the grids of step ¢

@ check lengths

— PSPACE tester for every fixed e > 0
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Assume (w,w’) € T

let = be a path in 7F s.t. w' € ZF(w)

foIIowing T, W = VUi1U2 . ..U,

lvol, [uil, - - - wl, |vi| < m.k, {u1,...,u}: m-compatible
{ur,...,w}={u},...,u}} with b < a*

take w = vo(u})* o1 (uh)*2 . . . vp_1 (u})*evy with

VU1 - - . Upt Witness from compatibility,

v;: sequences of less than m edges.

dist(w,w) < (b+ 1)m +en

take w' = out(vo)(out(u}))* out(vy) .. . (out(up))kvout (vy)
(w,w') e T*

dist(w’, w') < mazout(b+ 1)m + en
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

(ustat(w), ustat(w’)) is close to the polytope
@ ¥ = ustat(@), 2’ = ustat(w’)
° b=y

ﬁ: (ﬁl:"'vﬁb)

o

@ 2 = Renorm(X_0_, Bilin(Bi)Hiim,, (Bi))
@ rcH!

o lo_7l< (b+1)<3(k:ﬁ—1>+m.p>

@ &' = Renorm(}_,c, ll": B ﬂ’LHlZmout( i)
@ (z,2/)eH

° ‘x, B l’j,| < mazout((b+1)(3(k—1)+m.p))

n’
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Assume (\,\) e H
@ take sets of summits 7', (\, X, w)-compatibles:

@ \= Z )\iHlimm (BZ)

€T
o XN =" NHiim,,,(Bi)
€T
@ ) = Renorm <%)\L>
@ approximate \; by rationals «;
@ denormalize \; = c. ll";t(ﬁi)) o
9 take w = uo(in(Bl)))‘lul (’L'TL(BQ))AQ’LLQ A
o take w' = uf(out(B1)) M uf (out(By))2uh ...l
@ (w,w')eT
@ |(ustat(w), ustat(w’)) — (A, N)|1 < 2(mazout + 1)
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Sources of non s-equivalence

@ statistical domains e-far
3

@ I:b
© statistical images e-far

© generated length asymptotically different
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Sources of non s-equivalence

@ statistical domains e-far
@ statistical images e-far

© generated length asymptotically different
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Sources of non s-equivalence

@ statistical domains e-far
© statistical images e-far
© generated length asymptotically different

l:a 1:aaaa

=

o o
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warm up definition exact case e-equivalence exemple stats step1 step2 counterexamples

Sources of non s-equivalence

@ statistical domains e-far
@ statistical images e-far
© generated length asymptotically different

Solutions :

@ the domain is regular: similar embedding of a regular
language: PTIME tester.

@ use the embedding

© generating functions (rational functions)
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stat and distance Tree Transducers

Outline: Extention to trees

@ Distances and Statistics
@ Tree Edit Distance with Moves

@ Tree Transducers
@ Definition
@ Example
@ the next step
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Node operation:

Edge operation:

Move:

Relaleling




stat and distance Tree Transducers Definition Example future

Let Hyx/[Q)] be the set of finite sequences of finite trees where
one leaf of each tree is a distinguished element labeled by a
sequence of states in @, which is possibly empty.

Tree Transducers
A tree transducter 7 is a tuple (X,%,Q, I, ) where
@ X in the input alphabet, X’ the output alphabet

@ () a set of states, I € @ an initial state
9 0:X xQ— Hy[Q)],
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Definition Example future

<xsl:output method="xml" indent="yes"/>

<xsl:template match="/">
<root> <s> <summary/>
<xsl:apply-templates mode="q0"/>

</s>
<c> <xsl:apply-templates mode="gl"/>
</c>

</root>

</xsl:template>

</xsl:template match="a" mode="g0">
<a/>
</xsl:template>

</xsl:template match="b" mode="qg0">
<b/>
</xsl:template>

</xsl:template match="a" mode="qgl">
<a>
<xsl:apply-templates mode="ql"/>
</a>
</xsl:template>

</xsl:template match="b" mode="ql">
<b>
<xsl:apply-templates mode="gl"/>
</b>
</xsl:template>




stat and distance Tree Transducers Definition Example future

@ define tree statistics as matrices
@ Matrices distances & Edit distance
© applications for xslt programs
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vieille@lri.fr
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